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Outline
□ What is the CMB?	


■ Why is it the best cosmological probe (so far)?	


■ What can we learn from it?	



□ State of the art	


■ Planck — CMB intensity	


□ primary fluctuations and lensing	



■ Suborbital experiments	


□ polarization – lensing	



□ The future:	


■ highly sensitive polarization measurements from Planck 

and suborbital experiments



Parts of this talk based on data and ~30 papers  
released March 2013 by the 400-person Planck Collaboration
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~400 
photons cm-3

~1010 photons per baryon in the Universe	


(most of them are the 2.73K CMB blackbody)

After Dole & Béthermin 
!

cf. Ressell & Turner 1989 
Lagache 1995 

Henry 2002 

The Grand Unified Photon Spectrum



A standard cosmological model?

□ The Hot Big Bang:	


■ Expansion, cooling from a hot, dense early state	


■ radiation ⇒ matter (baryogenesis)	


■ quarks ⇒ protons & neutrons 	


■ protons & neutrons ⇒ nuclei  

(Big Bang Nucleosynthesis — BBN)	


■ nuclei & electrons ⇒ atoms (Cosmic Microwave Background — CMB)	



□ Parameters:	


■ density of radiation Ωr, baryons Ωb, dark matter Ωc, dark energy ΩΛ	


■ Age t0, expansion rate H0	


■ Curvature: Ωk (=0?)

□ Predictions:  
(“pillars of the Big Bang”)  
□ Expansion (Hubble)

Also fluctuations—departures from 
uniformity—needed to form structure

Relativity

□Hot big bang 
□ Light element abundances (BBN) 
□Recombination (CMB)



Evidence & Observations: 
Cosmic Microwave Background

□ 400,000 years after the Big Bang, the temperature 
of the Universe was T~3,000 K 

□ Hot enough to keep hydrogen atoms ionized until 
this time	


□ proton + electron → Hydrogen + photon [p+ + e- → H+γ] 
□ charged plasma → neutral gas 

■ depends on entropy of the Universe 
□ Photons (light) can't travel far in  

the presence of charged particles	


□ Opaque → transparent

Opaque

Transparent



Ionization fraction: Equilibrium
□ large value of η=nb/nγ≅10-9 key to “delay” to 

kT~0.6eV≪13.6 eV 
!

□ Solve Saha Equation  
equilibrium ioniz’n  
balance	


!

□ really should follow  
many levels, species
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Photon Decoupling
□ Freeze-out when Γ<H e+γ →e+γ



□ Initial temperature (density) of the photons 
 

!
□ Doppler shift due to movement of baryon-photon plasma	


□ Gravitational red/blue-shift as photons climb out of potential wells or fall off of 

underdensities 
 
 
 

□ Photon path from LSS to today	


□ All linked by initial conditions ⇒ 10-5 fluctuations

What affects the CMB 
temperature?

Cooler Hotter



The horizon at last scattering
□ Particle (light) horizon at last scattering, 

corresponding to about 1° on the sky	


□ dA = D/θ = aere= aore(ae/ao)= aore/(1+z) for D = dH 
□ so θ = D/dA	



□ But fluctuations in the CMB are sound waves, so 
 
 
 
for cs ≃ c/√3 (mostly radiation):	


■ dsound ≃ dH/√3

dsound =
1

H0(1 + z)

� ⇥

z

dz� cs

E(z�)



Large scales:  
the Sachs-Wolfe effect 

□ Outside the horizon (greater than a degree)	


■ velocity term is negligible	


■ metric (potential) term looks like 	



!

!
■ ϕ≃const for linear evolution in a flat MD universe	


■ Further, the potential is related to the density term, so 	



!

!

□ “Integrated Sachs-Wolfe effect” occurs when ϕ varies 
(e.g., nonlinear evolution, Λ, changing eq. of state)

� t0

rec
dt �̇ ⇥ �rec � �0

�T

T
= �rec �

2
3
�rec =

1
3
�rec



Oscillations in primordial plasma:  
Acoustic Peaks

§ Before recombination, a tightly-coupled plasma of matter 
(p, e) and photons	



§ Primordial/inflationary perturbations on all scales–can only 
collapse when in causal contact	



§ Pressure determined by mix of baryons and radiation 
(~1010 photons/baryon!): baryon “doping” lowers cs from 
1/√3.	



§ Higher Ωb decreases rebound force; lowers 2nd  peak 
relative to first	



§ At smaller scales, imperfect coupling between baryons and 
photons — Silk damping



The CMB transfer function
!

!

□ compare density spectrum: P(k) = Pi(k)T2(k)	


□ The transfer function depends on the “cosmological 

parameters”. For example:	


■ matter density—determines sound speed in baryon/

photon fluid	


■ curvature—determines angular-diameter distance to 

horizon	


!

□ Actually solve Boltzmann Equation over thickness of Last-Scattering surface – e.g., 
CMBFAST, CAMB

C� =
�

Pi(k)T 2
� (k) dk



i.e., Fourier 
Transform, but on a 
sphere

Power Spectrum:

Multipole ℓ ∼ angular scale 180°/ℓ

For a Gaussian theory, Cℓ completely  
determines the statistics of the temperature. 

Determined by temperature, velocity and metric  
on the last scattering surface. 

z~1300: p+e→H & Universe becomes transparent.

CMB Statistics



Physics of  the CMB  
power spectrum

angular diameter 
distance (~curvature)
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Gravity + plasma physics modulates initial spectrum 
of fluctuations (from, e.g., inflation)



Theoretical Predictions

~180°/Angular scale
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Flat

Us

Last Scattering 

Ω=1

Measuring Curvature 
with the CMB



Closed Ω>1

Us

Last Scattering 

Measuring Curvature 
with the CMB



Open

Us

Last Scattering 

Ω<1

Measuring Curvature 
with the CMB



□ Model CMB as a 2d stationary Gaussian Random Field on the sphere	


□ Motivated by physics, confirmed by observation 	


■ (linear transform of underlying 3d process)

CMB Power 
Spectrum



CMB Polarization:  
Generation

□ Ionized plasma + quadrupole radiation field: 	


■ Thomson scattering ⇒ [linearly] polarized emission	



!
!

□ Unlike intensity, only generated when ionization  
fraction, 0<x<1 (i.e., during transition)  

q Scalar perturbations: traces ~gradient of velocity	


§ same initial conditions as temperature and density fluctuations	



□ Tensor perturbations: independent of density fluctuations 	


■ +,× patterns of quadrupoles (impossible to form via linear scalar 

perturbations)	


■ at last-scattering, from primordial background of gravitational 

radiation, predicted by inflation (cf. Senatore’s lectures)

e

HOT

COLD



□ 2-d (headless) vector field on a sphere	


□ Spin-2/tensor spherical harmonics	


□ grad/scalar/E + curl/pseudoscalar/B patterns 
 
 
 

□ NB.  From polarization pattern ⇒ E/B 
decomposition requires integration (non-local) or 
differentiation (noisy)	


■ Lewis et al; Bunn et al; Smith & Zaldarriaga; Grain et al; 

Bowyer & AJ; … 	


■ (data analysis problems)

CMB Polarization:  
 E/B Decomposition

Seljak & Zaldarriaga

E E B B



□ Scalar and tensor modes are isotropic, parity-
symmetric fields on the sky. 	



□ T is a scalar, E is the “gradient” of a scalar, B is the 
“curl” of a pseudoscalar	


!

!

!

!

!

■ expect 〈EB〉=〈TB〉= 0 
■ try to measure 〈TT〉, 〈BB〉, 〈EE〉, 〈TE〉 
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Polarization: math



CMB Signals  
from inflation

□ Want to probe inflaton potential V(φ)	


□ Induce scalar and tensor power spectra	


■ Observables:	


□ temperature and polarization CMB spectra	


□ functionally linear  

relationships 	


!

□ Transfer functions T depend on cosmological parameters	


□ Amplitude (r=T/S) and shape (ns, nT) of the spectra probe the 

inflaton potential	



□ Non-gaussianity:	


■ specific inflationary models ⇒ departures from Gaussianity	


■ e.g., fNL~1 (in reach of Planck, but not [yet] detected)

CBB
⌅ =

⇤
dk ThB

⌅ (k)Ph(k)

CTT
⌅ =

⇤
dk

�
ThT

⌅ (k)Ph(k) + TRT
⌅ (k)PR(k)

⇥



The Polarization of  the CMB
§ Anisotropic radiation field at last 

scattering → polarization	


§ “Grad” or E mode	


§ Breaks degeneracies	


§ New parameters:	



§ reionization	


§ “Curl” or B sensitive to  

 gravity waves	


§ “Smoking gun” of inflation?	


§ Very low amplitude	



§ Need better handle on 
systematics, and...	



§ Polarized foregrounds?

Temperature  
(determined by params)

E-Mode Pol 
(determined by params)

B-Mode Pol 
(depends on inflation)

E E B B

(no lensing)



Gravitational Radiation  
& CMB

□ Last scattering: “direct” 
effect of tensor modes 
(primordial GWs) on the 
primordial plasma	


■ inflationary potential	



□ dominated by lensing of E 
⇒ B for ℓ≳200	



■ sensitive to mν≲0.06eV	


□ (i.e., hot dark matter)	



□ Reionization peak ℓ≲20	



■ need ~full-sky. Difficult for 
single suborbital experiments	



□ Limits depend on full set of 
parameters

GRAVITATIONAL WAVES IN THE CMB

• Cosmic variance of dominant scalar fluctuations limits �r = 0.07 from T and
�r = 0.02 if include E

– Degeneracies make actual limits worse; WMAP5 alone r < 0.43 (95% CL)

3

Courtesy A. Challinor

Reionization  
peak

Lensing 
peak

Suborbital experiments target ℓ~100 peak:	


require order-of-magnitude increase in 
sensitivity over Planck



Polarization from  
Gravitational Radiation

□ Causal physics — 
scattering in baryon-
photon plasma — 
same as intensity, E-
mode polarization	


■ Specific predictions 

given primordial P(k) + 
parameters

E E B B

(no lensing)



Theoretical Predictions

~180°/Angular scale
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January, 2003



WMAP (2003-2012)

Bennett et al 2013



Planck: Launched 2009
□ Nominal mission: 14 Months  

(extended ~2x, plus a “warm extension” for LFI)

Planck launch, 14 May 2009 Planck in orbit (animation)



Frequency  
Maps

□ Raw data: ~500 trillion samples over 15 months	


□ Maps: ~50 million pixels over 9 frequencies



Map consistency



Component Separation
□ Emission at any frequency is the sum of the CMB and 

astrophysical sources along the line of sight.	


□ Planck observes in 9 bands over 30–850 GHz to 

disentangle cosmology from astrophysics



Planck (2013)



 
Planck (2013)

□ From ~50 million pixels to ~2500 multipoles

Not used directly in  
parameter estimates.



Power spectrum consistency
□ Excellent agreement 

between HFI & LFI	


■ few x 0.1% through the 

first peak  

!

!

!

!

!

!

!

!

!
□ Evidence of a ~2.5% 

recalibration between 
WMAP & Planck?

LFI & HFI: Power Spectrum 2

• Spectrum and noise

– Red = 70 GHz

– Blue = 100 GHz

– Spectra mask-kernel-
inverted to 4⇥ amplitude
and debeamed

• Small differences near peak,
greater at  = 350, and
where 70 GHz noise picks up

• To avoid noise bias, we want
a metric that uses only cross-
spectra.

Planck Collaboration XI 2013

Consistency of Planck Data 8 ESLAB 47—2013 April 2

Planck:	


HFI vs LFI

Intermediate Multipoles, Planck &WMAP9

V+W ⇥ 0.976

Planck Collaboration XVI 2013

– Planck 100⇥100 GHz spectrum

– WMAP9 V+W spectrum scaled
by 0.976.

– Red line is the best-fit Planck
+ WP + highL ⇥CDM model.

– Residuals with respect to the
model. The error bars on
the WMAP points show errors
from instrumental noise alone.

• Same 2.5% difference as at low  .

Consistency of Planck Data 12 ESLAB 47—2013 April 2

Planck vs WMAP



Spectra
Planck Collaboration: The Planck mission

2 100 500 1000 1500 2000 2500 3000

�

102

103

104
D

�[
µ
K

2 ]

Planck

WMAP9

ACT

SPT

Fig. 25. Measured angular power spectra of Planck, WMAP9, ACT, and SPT. The model plotted is Planck’s best-fit model including Planck
temperature, WMAP polarization, ACT, and SPT (the model is labelled [Planck+WP+HighL] in Planck Collaboration XVI (2013)). Error bars
include cosmic variance. The horizontal axis is `0.8.

than that measured using traditional techniques, though in agree-
ment with that determined by other CMB experiments (e.g.,
most notably from the recent WMAP9 analysis where Hinshaw
et al. 2012c find H0 = (69.7 ± 2.4) km s�1 Mpc�1 consis-
tent with the Planck value to within ⇠ 1�). Freedman et al.
(2012), as part of the Carnegie Hubble Program, use Spitzer
Space Telescope mid-infrared observations to recalibrate sec-
ondary distance methods used in the HST Key Project. These
authors find H0 = (74.3±1.5±2.1) km s�1 Mpc�1 where the first
error is statistical and the second systematic. A parallel e↵ort by
Riess et al. (2011) used the Hubble Space Telescope observa-
tions of Cepheid variables in the host galaxies of eight SNe Ia to
calibrate the supernova magnitude-redshift relation. Their ‘best
estimate’ of the Hubble constant, from fitting the calibrated SNe
magnitude-redshift relation is, H0 = (73.8 ± 2.4) km s�1 Mpc�1

where the error is 1� and includes known sources of systematic
errors. At face value, these measurements are discrepant with the
current Planck estimate at about the 2.5� level. This discrep-
ancy is discussed further in Planck Collaboration XVI (2013).

Extending the Hubble diagram to higher redshifts we note
that the best-fit⇤CDM model provides strong predictions for the
distance scale. This prediction can be compared to the measure-
ments provided by studies of Type Ia SNe and baryon acoustic
oscillations (BAO). Driven in large part by our preference for
a higher matter density we find mild tension with the (relative)
distance scale inferred from compilations of SNe (Conley et al.
2011; Suzuki et al. 2012). In contrast our results are in excellent

agreement with the BAO distance scale compiled in Anderson
et al. (2012).

The Planck data, in combination with polarization measured
by WMAP, high-` anisotropies from ACT and SPT and other,
lower redshift data sets, provides strong constraints on devia-
tions from the minimal model. The low redshift measurements
provided by the BAO allow us to break some degeneracies still
present in the Planck data and significantly tighten constraints on
cosmological parameters in these model extensions. The ACT
and SPT data help to fix our foreground model at high `. The
combination of these experiments provides our best constraints
on the standard 6-parameter model; values of some key parame-
ters in this model are summarized in Table 9.

From an analysis of an extensive grid of models, we find no
strong evidence to favour any extension to the base ⇤CDM cos-
mology, either from the CMB temperature power spectrum alone
or in combination with Planck lensing power spectrum and other
astrophysical datasets. For the wide range of extensions which
we have considered, the posteriors for extra parameters gener-
ally overlap the fiducial model within 1�. The measured values
of the ⇤CDM parameters are relatively robust to the inclusion
of di↵erent parameters, though a few do broaden significantly if
additional degeneracies are introduced. When the Planck likeli-
hood does provide marginal evidence for extensions to the base
⇤CDM model, this comes predominantly from a deficit of power
(compared to the base model) in the data at ` < 30.

The primordial power spectrum is well described by a
power-law over three decades in wave number, with no evidence
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Cosmological Parameters
□ Planck + WP	

 	

 	

 from 2500 points to ~6 parameters	


■ ~directly measured	



   Ωbh2 = 0.02205 ± 0.00028	


   Ωch2 = 0.1199 ± 0.0027	


   ns  = 0.960 ± 0.007	


   τ   = 0.089 ± 0.014	


   109As = 2.20 ± 0.06	


   100 θMC = 1.04131 ± 0.00063	


■ derived (e.g.)	



   H0   = 67.3 ± 1.2 km/s/Mpc 	


   ΩΛ  = 0.685 ± 0.017	


   σ8  = 0.829 ± 0.012 
!
■ Σmν < 0.23 eV (95%), Nν,eff = 3.30 ± 0.27 (68%) [with caveats]

Likelihood plots

Samples: Planck+lensing; Red: Planck+WP; Grey: WMAP-9
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Fig. 2. Comparison of the base ⇤CDM model parameters for Planck+lensing only (colour-coded samples), and the 68% and 95%
constraint contours adding WMAP low-` polarization (WP; red contours), compared to WMAP-9 (Bennett et al. 2012; grey con-
tours).

matter density parameters, and DA depends on the late-time evo-
lution and geometry. Parameter combinations that fit the Planck
data must be constrained to be close to a surface of constant ✓⇤.
This surface depends on the model that is assumed. For the base
⇤CDM model, the main parameter dependence is approximately
described by a 0.3% constraint in the three-dimensional ⌦m–h–
⌦bh2 subspace:

⌦mh3.2(⌦bh2)�0.54 = 0.695 ± 0.002 (68%; Planck). (11)

Reducing further to a two-dimensional subspace gives a 0.6%
constraint on the combination

⌦mh3 = 0.0959 ± 0.0006 (68%; Planck). (12)

The principle component analysis direction is actually ⌦mh2.93

but this is conveniently close to ⌦mh3 and gives a similar con-
straint. The simple form is a coincidence of the ⇤CDM cos-
mology, error model, and particular parameter values of the

model (Percival et al. 2002; Howlett et al. 2012). The degener-
acy between H0 and ⌦m is illustrated in Fig. 3: parameters are
constrained to lie in a narrow strip where ⌦mh3 is nearly con-
stant, but the orthogonal direction is much more poorly con-
strained. The degeneracy direction involves consistent changes
in the H0,⌦m, and⌦bh2 parameters, so that the ratio of the sound
horizon and angular diameter distance remains nearly constant.
Changes in the density parameters, however, also have other
e↵ects on the power spectrum and the spectral index ns also
changes to compensate. The degeneracy is not exact; its extent
is much more sensitive to other details of the power spectrum
shape. Additional data can help further to restrict the degeneracy.
Figure 3 shows that adding WMAP polarization has almost no ef-
fect on the⌦mh3 measurement, but shrinks the orthogonal direc-
tion slightly from ⌦mh�3 = 1.03 ± 0.13 to ⌦mh�3 = 1.04 ± 0.11.
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Fig. 3. Constraints in the ⌦m–H0 plane. Points show samples
from the Planck-only posterior, coloured by the corresponding
value of the spectral index ns. The contours (68% and 95%)
show the improved constraint from Planck+lensing+WP. The
degeneracy direction is significantly shortened by including WP,
but the well-constrained direction of constant ⌦mh3 (set by the
acoustic scale), is determined almost equally accurately from
Planck alone.

Adding WMAP polarization information shrinks the errors by
only 10%.

The dark matter density is slightly less accurately measured
at around 3%:

⌦ch2 = 0.1196 ± 0.0031 (68%; Planck). (18)

3.4. Optical depth

Small-scale fluctuations in the CMB are damped by Thomson
scattering from free electrons produced at reionization. This
scattering suppresses the amplitude of the acoustic peaks by e�2⌧

on scales that correspond to perturbation modes with wavelength
smaller than the Hubble radius at reionization. Planck measures
the small-scale power spectrum with high precision, and hence
accurately constrains the damped amplitude e�2⌧As. With only
unlensed temperature power spectrum data, there is a large de-
generacy between ⌧ and As, which is weakly broken only by the
power in large-scale modes that were still super-Hubble scale
at reionization. However, lensing depends on the actual ampli-
tude of the matter fluctuations along the line of sight. Planck
accurately measures many acoustic peaks in the lensed tempera-
ture power spectrum, where the amount of lensing smoothing de-
pends on the fluctuation amplitude. Furthermore Planck’s lens-
ing potential reconstruction provides a more direct measurement
of the amplitude, independently of the optical depth. The combi-
nation of the temperature data and Planck’s lensing reconstruc-
tion can therefore determine the optical depth ⌧ relatively well.
The combination gives

⌧ = 0.089 ± 0.032 (68%; Planck+lensing). (19)

As shown in Fig. 4 this provides marginal confirmation (just un-
der 2�) that the total optical depth is significantly higher than
would be obtained from sudden reionization at z ⇠ 6, and is con-
sistent with the WMAP-9 constraint, ⌧ = 0.089 ± 0.014, from

large-scale polarization (Bennett et al. 2012). The large-scale E-
mode polarization measurement is very challenging because it
is a small signal relative to polarized Galactic emission on large
scales, so this Planck polarization-free result is a valuable cross-
check. The posterior for the Planck temperature power spectrum
measurement alone also consistently peaks at ⌧ ⇠ 0.1, where the
constraint on the optical depth is coming from the amplitude of
the lensing smoothing e↵ect and (to a lesser extent) the relative
power between small and large scales.

Since lensing constrains the underlying fluctuation ampli-
tude, the matter density perturbation power is also well deter-
mined:

�8 = 0.823 ± 0.018 (68%; Planck+lensing). (20)

Much of the residual uncertainty is caused by the degeneracy
with the optical depth. Since the small-scale temperature power
spectrum more directly fixes �8e�⌧, this combination is tightly
constrained:

�8e�⌧ = 0.753 ± 0.011 (68%; Planck+lensing). (21)

The estimate of �8 is significantly improved to �8 = 0.829 ±
0.012 by using the WMAP polarization data to constrain the op-
tical depth, and is not strongly degenerate with ⌦m. (We shall
see in Sect. 5.5 that the Planck results are discrepant with re-
cent estimates of combinations of �8 and ⌦m from cosmic shear
measurements and counts of rich clusters of galaxies.)

3.5. Spectral index

The scalar spectral index defined in Eq. (2) is measured by
Planck data alone to 1% accuracy:

ns = 0.9616 ± 0.0094 (68%; Planck). (22)

Since the optical depth ⌧ a↵ects the relative power between large
scales (that are una↵ected by scattering at reionization) and in-
termediate and small scales (that have their power suppressed
by e�2⌧), there is a partial degeneracy with ns. Breaking the de-
generacy between ⌧ and ns using WMAP polarization leads to a
small improvement in the constraint:

ns = 0.9603 ± 0.0073 (68%; Planck+WP). (23)

Comparing Eqs. (22) and (23), it is evident that the Planck tem-
perature spectrum spans a wide enough range of multipoles to
give a highly significant detection of a deviation of the scalar
spectral index from exact scale invariance (at least in the base
⇤CDM cosmology) independent of WMAP polarization infor-
mation.

One might worry that the spectral index parameter is degen-
erate with foreground parameters, since these act to increase
smoothly the amplitudes of the temperature power spectra at
high multipoles. The spectral index is therefore liable to po-
tential systematic errors if the foreground model is poorly con-
strained. Figure 4 shows the marginalized constraints on the
⇤CDM parameters for various combinations of data, includ-
ing adding high-resolution CMB measurements. As will be dis-
cussed in Sect. 4, the use of high-resolution CMB provides
tighter constraints on the foreground parameters (particularly
“minor” foreground components) than from Planck data alone.
However, the small shifts in the means and widths of the distri-
butions shown in Fig. 4 indicate that, for the base ⇤CDM cos-
mology, the errors on the cosmological parameters are not lim-
ited by foreground uncertainties when considering Planck alone.
The e↵ects of foreground modelling assumptions and likelihood
choices on constraints on ns are discussed in Appendix B.
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Self-consistency of  the 
parameters

□ Very weak dependence on 
which subset of Planck data is 
analysed.	



□ Robust to	


■ changes in ℓ𝓁max	



□ e.g., ℓ𝓁~1800 cooler line	



■ inclusion of channels	


□ 217 GHz is a minor outlier, but inclusion 

affects parameters by a small fraction of a 
sigma 

Planck collaboration: CMB power spectra & likelihood
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The new old Universe
□ Big picture: no qualitative changes	


□ Quantitatively:	


■ Planck’s higher resolution allows a 

better measurement of the damping 
physics at small scales	


□ slightly slower expansion rate, slightly older 

universe	


□ slightly less dark energy, more dark matter	



■ Cosmological parameters not “directly 
measured” by Planck; details depend 
on the models considered [“priors”]	


□ In particular, there are some tensions with 

other measurements of H0



Gravitational lensing

□ Planck observes lensing:	


■ non-Gaussianity 	


■ on the power spectrum 

(smoothing)	



!
■ correlations with the IR 

background



Lensing
Planck Collaboration: Cosmological parameters
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Fig. 26. Marginalized posterior distributions for
P

m⌫
in flat models from CMB data. We show results for
Planck+WP+highL without (solid black) and with (red)
marginalization over AL, showing how the posterior is signifi-
cantly broadened by removing the lensing information from the
temperature anisotropy power spectrum. The e↵ect of replacing
the low-` temperature and (WMAP) polarization data with a
⌧ prior is shown in solid blue (Planck�lowL+highL+⌧prior)
and of further removing the high-` data in dot-dashed blue
(Planck�lowL+⌧prior). We also show the result of including
the lensing likelihood with Planck+WP+highL (dashed black)
and Planck�lowL+highL+⌧prior (dashed blue).

mation by marginalizing over AL
32. We see that the posterior

broadens considerably (see the red curve in Fig. 26) to give
X

m⌫ < 1.08 eV [95%; Planck+WP+highL (AL)], (70)

taking us back close to the value of 1.3 eV (for AL = 1) from
the nine-year WMAP data (Hinshaw et al. 2012), corresponding
to the limit above which neutrinos become non-relativistic be-
fore recombination. (The resolution of WMAP gives very little
sensitivity to lensing e↵ects.)

As discussed in Sect. 5.1, the Planck+WP+highL data com-
bination has a preference for high AL. Since massive neutrinos
suppress the lensing power (like a low AL) there is a concern
that the same tensions which drive AL high may give artificially
tight constraints on

P
m⌫. We can investigate this issue by re-

placing the low-` data with a prior on the optical depth (as in
Sect. 5.1) and removing the high-` data. Posterior distributions
with the ⌧ prior, and additionally without the high-` data, are
shown in Fig. 26 by the solid blue and dot-dashed blue curves,
respectively. The constraint on

P
m⌫ does not degrade much by

replacing the low-` data with the ⌧ prior only, but the degra-
dation is more severe when the high-` data are also removed:P

m⌫ < 1.31 eV (95% CL).
Including the lensing likelihood (see Sect. 5.1) has a signif-

icant, but surprising, e↵ect on our results. Adding the lensing

32The power spectrum of the temperature anisotropies is predomi-
nantly sensitive to changes in only one mode of the lensing potential
power spectrum (Smith et al. 2006). It follows that marginalizing over
the single parameter AL is nearly equivalent to marginalizing over the
full amplitude and shape information in the lensing power spectrum as
regards constraints from the temperature power spectrum.

likelihood to the Planck+WP+highL data combination weakens
the limit on

P
m⌫,

X
m⌫ < 0.85 eV (95%; Planck+lensing+WP+highL), (71)

as shown by the dashed black curve in Fig. 26. This is representa-
tive of a general trend that the Planck lensing likelihood favours
larger

P
m⌫ than the temperature power spectrum. Indeed, if we

use the data combination Planck�lowL+highL+⌧prior, which
gives a weaker constraint from the temperature power spectrum,
adding lensing gives a best-fit away from zero (

P
m⌫ = 0.66 eV;

dashed blue curve in Fig. 26). However, the total �2 at the
best-fit is only 0.3 lower than in the best-fitting base model
(
P

m⌫ = 0.06 eV). The fit to the lensing data is rather better
(��2 = �3.2) while the fit to the Planck temperature spec-
trum (excluding low-`) and high-` is worse (��2 = 0.4 and 2.6,
respectively). There are rather large shifts in other cosmolog-
ical parameters between these best-fit solutions corresponding
to shifts along the acoustic-scale degeneracy direction for the
temperature power spectrum. Note that, as well as the change
in H0 (which falls to compensate the increase in

P
m⌫ at fixed

acoustic scale), ns, !b and !c change significantly keeping the
lensed temperature spectrum almost constant. These latter shifts
are similar to those discussed for AL in Sect. 5.1, with non-zeroP

m⌫ acting like AL < 1. The lensing power spectrum C��` is
lower by 9.1% for the higher-mass best fit at ` = 400 and larger
by 2.1% at ` = 40, which is a similar trend to the residuals from
the best-fit minimal-mass model shown in the bottom panel of
Fig. 12. Planck Collaboration XVII (2013) explores the robust-
ness of the C��` estimates to various data cuts and foreground-
cleaning methods. The first (` = 40–85) bandpower is the least
stable to these choices, although the variations are not statis-
tically significant. We have checked that excluding this band-
power does not change the posterior for

P
m⌫ significantly, as

expected since most of the constraining power on
P

m⌫ comes
from the bandpowers on smaller scales. At this stage, it is un-
clear what to make of this mild preference for high masses from
the 4-point function compared to the 2-point function. As noted
in Planck Collaboration XVII (2013), the lensing measurements
from ACT (Das et al. 2013) and SPT (van Engelen et al. 2012)
show similar trends to those from Planck where they overlap
in scale. With further Planck data (including polarization), and
forthcoming measurements from the full 2500 deg2 SPT temper-
ature survey, we can expect more definitive results on this issue
in the near future.

Apart from its impact on the early-ISW e↵ect and lensing
potential, the total neutrino mass a↵ects the angular-diameter
distance to last scattering, and can be constrained through the
angular scale of the first acoustic peak. However, this e↵ect is
degenerate with ⌦⇤ (and so the derived H0) in flat models and
with other late-time parameters such as ⌦K and w in more gen-
eral models (Howlett et al. 2012). Late-time geometric measure-
ments help in reducing this “geometric” degeneracy. Increasing
the neutrino masses at fixed ✓⇤ increases the angular-diameter
distance for 0  z  z⇤ and reduces the expansion rate at low red-
shift (z <⇠ 1) but increases it at higher redshift. The spherically-
averaged BAO distance DV(z) therefore increases with increas-
ing neutrino mass at fixed ✓⇤, and the Hubble constant falls; see
Fig. 8 of Hou et al. (2012). With the BAO data of Sect. 5.2, we
find a significantly lower bound on the neutrino mass:
X

m⌫ < 0.23 eV (95%; Planck+WP+highL+BAO). (72)

The ⇤CDM model with minimal neutrino masses was shown in
Sect. 5.3 to be in tension with recent direct measurements of H0
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Fig. 17. Wiener-filtered lensing potential estimate reconstruction, in
Galactic coordinates using orthographic projection. The reconstruction
was bandpass filtered to L 2 [10, 2048]. Note that the lensing recon-
struction, while highly statistically significant, is still noise dominated
for every individual mode, and is at best S/N h 0.7 around L = 30.

Fig. 18. Fiducial lensing power spectrum estimates based on the 100,
143, and 217 GHz frequency reconstructions, as well as the minimum-
variance reconstruction that forms the basis for the Planck lensing like-
lihood.

Bright extragalactic point sources are also masked, using
sources detected in the frequency range 100 to 353 GHz. Even
after masking, power from unresolved extragalactic sources and
thermal and kinetic Sunyaev-Zel’dovich e↵ects make a signif-
icant contribution to the power spectra at the smallest angular
scales probed by Planck. We model this excess power as the sum
of multiple emission components, following similar analyses for
previous CMB experiments (e.g. Sievers et al. (2013), Dunkley
et al. (2011), Reichardt et al. (2012), Dunkley et al. (2013)).

In this ‘high-`’ Planck likelihood, we model the total the-
oretical power as the sum of the lensed CMB, and a set of pa-
rameterized foreground emission spectra. Parameters are also in-
troduced describing the beam uncertainties. We then simultane-
ously marginalize over all the additional “nuisance” parameters
when estimating cosmological model parameters. This approach
is designed to allow easy combination with data from the ACT
and SPT experiments, which measure the mm-wave spectra from
scales of ` ⇠ 200 to ` < 10000.

Unresolved extragalactic point sources are modelled as a
Poisson power spectrum with one amplitude per frequency. The
power spectra of the anisotropies associated with the corre-
lated infrared background and the thermal and kinetic Sunyaev-
Zeldovich are described by 4 amplitudes and power law indices
and one correlation coe�cients. In the mask used for the cosmol-
ogy analysis, the CIB dominates at 217 GHz over the Galactic
dust and the extragalactic foregrounds above ` ⇠ 500. At
higher `s (above 2500 at 217 GHz (and above 4000 at 143 GHz),
the Poisson part dominates over the CMB. The foreground
parameter values recovered in the likelihood analysis (Planck

Collaboration XV 2013) are all compatible with cuurent knowl-
edge of source counts and with the new Planck determination of
the cosmic infrared background (Planck Collaboration XXXII
2013) and the thermal Sunyev-Zeldovich (Planck Collaboration
XXI 2013), taking into account the rather large distribution of
uncertainties for these weak foregrounds at the highest `s.

Removing the best-fitting extragalactic foreground model,
and combining the multiple frequencies, we obtain the CMB
temperature power spectrum shown in Fig. 19. Planck has now
measured the first seven acoustic peaks to high precision. For
comparison, we show in Fig. 20 a power spectrum estimated
from the SMICA CMB map discussed in Section 7.1.

To test the robustness of the Planck power spectrum, we per-
form null tests between di↵erent detectors within a frequency
band, between di↵erent surveys, and between frequency bands.
To test the likelihood formalism, we perform a suite of tests
modifying aspects including the foreground modeling, beam
treatment, and angular range considered; we check that they have
minimal e↵ect on cosmological parameters. We also check that
the same results are obtained using an independent power spec-
trum pipeline.

The most current version of the Planck likelihood software
is made available with the 2013 data release, together with
the multi-frequency power spectra, the best-fitting CMB power
spectrum, and the maps and masks used to construct the power
spectrum and likelihood.

7.3.2. Lensing likelihood

Based on our measurement of the lensing power spectrum de-
scribed above in Sec. 7.3.1 and plotted in Fig. 18, we construct
a simple Gaussian likelihood for bins of C��L from 40  L  400
cut into 8 uniformly sized bins with �L = 45. The bin size
is such that we maintain some parameter leverage from the
power spectrum shape information, while reducing the covari-
ance between bins, thus allowing us to neglect it. We analytically
marginalize over the beams, di↵use point source and first order
bias uncertainty and include them in the covariance. The cos-
mological uncertainty on the normalization is accounted for by
a first order correction. Our power spectrum measurement con-
strains the amplitude of a single amplitude parameter to a pre-
cision of ±4 %, corresponding to a 2 % constraint on the overall
amplitude matter fluctuations�8. The construction of the lensing
likelihood is described in Planck Collaboration XVII (2013), and
its cosmological implications are discussed in detail in Planck
Collaboration XVI (2013).

8. Astrophysical products

The generation of the Planck astrophysical products is outlined
in Fig. 21.

8.1. The Planck catalogues

Many types of compact sources are expected in the Planck data:
Galactic sources, radio galaxies, infrared galaxies, and clus-
ters of galaxies. In January of 2011, the PlanckEarly Release
Compact Source Catalogue (ERCSC) was published (Planck
Collaboration XIV 2011), which included a catalogue of com-
pact sources extracted independently from each map, a list of
sources detected via the Sunyaev-Zeldovich e↵ect, and a list of
Galactic cold cores selected by temperature. In this 2013 release,
an important advance is made for the first two of these lists.
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non-Gaussianity: fNL

□ Heuristically 
for a Gaussian ϕG (e.g., multi-field inflation) 
■ This is the (spatially) local model for non-Gaussianity	


■ Induces specific 3-d correlations 
 
 
 
and hence 2-d correlations in the CMB	



■ Corresponds to Fourier bispectrum B(k1, k2, k3) which 
peaks in squeezed case k1≪k2≃k3	



□ modulate small-scale structure by large-scale modes	


■ cf. galaxy bias	



■ More generally, consider other shapes (e.g., equilateral) 
motivated by specific theories

� = �G + fNL(�
2
G � h�2

Gi)

h���i ⇠ 3fNL (h�G�G�G�Gi � h�G�Gih�G�Gi) +O(f2
NL)

⇠ 6fNLh�G�Gih�G�Gi+O(f2
NL)
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Fundamental (?) Physics: 
Inflation

□ Early period of exponential expansion	


■ makes the Universe geometrically flat	


□ Prediction: flat Universe (Ωk=1)	

 	

 	

 	

 ✓	



■ takes a “causally connected” region and makes it larger 
than the observable Universe	


□ Prediction: nearly uniform temperature	

	

 	

 ✓	



■ produces fluctuations (quantum randomness on 
astrophysical scales!)	


□ slope of initial power spectrum ⇒ shape of Cℓ 	


□ Prediction: ns a little less than 1	

 	

 	

 	

 ✓	


■ also: nearly Gaussian fluctuations	

 	

 	

 	

 ✓	



□ Prediction: gravitational radiation background	

  ?



Inflation: 
Curvature from the CMB

□ With primary CMB alone, cannot determine both  
 ΩΛ & Ωm (i.e., curvature)	



□ Planck measures curvature through  
lensing 	


■ more matter, less dark energy  
⇒ more lensing	


□ distorts shape of power spectrum,  

smears out the small-scale peaks	


□ boosts deflection power spectrum	


■ about double at ΩΛ=0	



■ Even more well-determined when  
combined with other astrophysical  
data

Planck Collaboration: Cosmological parameters
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Fig. 25. The Planck+WP+highL data combination (samples; colour-coded by the value of H0) partially breaks the geometric degen-
eracy between ⌦m and ⌦⇤ due to the e↵ect of lensing in the temperature power spectrum. These limits are significantly improved
by the inclusion of the Planck lensing reconstruction (black contours). Combining also with BAO (right; solid blue contours) tightly
constrains the geometry to be nearly flat.

In summary, there is no evidence from Planck for any depar-
ture from a spatially flat geometry. The results of Eqs. (68a) and
(68b) suggest that our Universe is spatially flat to an accuracy of
better than a percent.

6.3. Neutrino physics and constraints on relativistic
components

A striking illustration of the interplay between cosmology and
particle physics is the potential of CMB observations to con-
strain the properties of relic neutrinos, and possibly of additional
light relic particles in the Universe (see e.g., Dodelson et al.
1996; Hu et al. 1995; Bashinsky & Seljak 2004; Ichikawa et al.
2005; Lesgourgues & Pastor 2006; Hannestad 2010). In the fol-
lowing subsections, we present Planck constraints on the mass of
ordinary (active) neutrinos assuming no extra relics, on the den-
sity of light relics assuming they all have negligible masses, and
finally on models with both light massive and massless relics.

6.3.1. Constraints on the total mass of active neutrinos

The detection of solar and atmospheric neutrino oscillations
proves that neutrinos are massive, with at least two species being
non-relativistic today. The measurement of the absolute neutrino
mass scale is a challenge for both experimental particle physics
and observational cosmology. The combination of CMB, large-
scale structure and distance measurements already excludes a
large range of masses compared to beta-decay experiments.
Current limits on the total neutrino mass

P
m⌫ (summed over the

three neutrino families) from cosmology are rather model depen-
dent and vary strongly with the data combination adopted. The
tightest constraints for flat models with three families of neutri-
nos are typically around 0.3 eV (95% CL; e.g., de Putter et al.
2012). Since

P
m⌫ must be greater than approximately 0.06 eV

in the normal hierarchy scenario and 0.1 eV in the degener-
ate hierarchy (Gonzalez-Garcia et al. 2012), the allowed neu-
trino mass window is already quite tight and could be closed
further by current or forthcoming observations (Jimenez et al.
2010; Lesgourgues et al. 2013).

Cosmological models, with and without neutrino mass, have
di↵erent primary CMB power spectra. For observationally-
relevant masses, neutrinos are still relativistic at recombina-
tion and the unique e↵ects of masses in the primary power
spectra are small. The main e↵ect is around the first acoustic
peak and is due to the early integrated Sachs-Wolfe (ISW) ef-
fect; neutrino masses have an impact here even for a fixed red-
shift of matter–radiation equality (Lesgourgues & Pastor 2012;
Hall & Challinor 2012; Hou et al. 2012; Lesgourgues et al.
2013). To date, this e↵ect has been the dominant one in con-
straining the neutrino mass from CMB data, as demonstrated in
Hou et al. (2012). As we shall see here, the Planck data move
us into a new regime where the dominant e↵ect is from gravi-
tational lensing. Increasing neutrino mass, while adjusting other
parameters to remain in a high-probability region of parameter
space, increases the expansion rate at z >⇠ 1 and so suppresses
clustering on scales smaller than the horizon size at the non-
relativistic transition (Kaplinghat et al. 2003; Lesgourgues et al.
2006). The net e↵ect for lensing is a suppression of the CMB
lensing potential and, for orientation, by ` = 1000 the suppres-
sion is around 10% in power for

P
m⌫ = 0.66 eV.

Here we report constraints assuming three species of degen-
erate massive neutrinos. At the level of sensitivity of Planck, the
e↵ect of mass splittings is negligible, and the degenerate model
can be assumed without loss of generality.

Combining the Planck+WP+highL data, we obtain an upper
limit on the summed neutrino mass of

X
m⌫ < 0.66 eV (95%; Planck+WP+highL). (69)

The posterior distribution is shown by the solid black curve in
Fig. 26. To demonstrate that the dominant e↵ect leading to the
constraint is gravitational lensing, we remove the lensing infor-

41

Planck Collaboration: Cosmological parameters

0.0 0.2 0.4 0.6 0.8 1.0

�m

0.0

0.2

0.4

0.6

0.8

1.0

�
�

40

45

50

55

60

65

70

75

H
0

0.24 0.32 0.40 0.48

�m

0.56

0.64

0.72

0.80

�
�

+lensing

+lensing+BAO

40

45

50

55

60

65

70

75

H
0

Fig. 25. The Planck+WP+highL data combination (samples; colour-coded by the value of H0) partially breaks the geometric degen-
eracy between ⌦m and ⌦⇤ due to the e↵ect of lensing in the temperature power spectrum. These limits are significantly improved
by the inclusion of the Planck lensing reconstruction (black contours). Combining also with BAO (right; solid blue contours) tightly
constrains the geometry to be nearly flat.

In summary, there is no evidence from Planck for any depar-
ture from a spatially flat geometry. The results of Eqs. (68a) and
(68b) suggest that our Universe is spatially flat to an accuracy of
better than a percent.

6.3. Neutrino physics and constraints on relativistic
components

A striking illustration of the interplay between cosmology and
particle physics is the potential of CMB observations to con-
strain the properties of relic neutrinos, and possibly of additional
light relic particles in the Universe (see e.g., Dodelson et al.
1996; Hu et al. 1995; Bashinsky & Seljak 2004; Ichikawa et al.
2005; Lesgourgues & Pastor 2006; Hannestad 2010). In the fol-
lowing subsections, we present Planck constraints on the mass of
ordinary (active) neutrinos assuming no extra relics, on the den-
sity of light relics assuming they all have negligible masses, and
finally on models with both light massive and massless relics.

6.3.1. Constraints on the total mass of active neutrinos

The detection of solar and atmospheric neutrino oscillations
proves that neutrinos are massive, with at least two species being
non-relativistic today. The measurement of the absolute neutrino
mass scale is a challenge for both experimental particle physics
and observational cosmology. The combination of CMB, large-
scale structure and distance measurements already excludes a
large range of masses compared to beta-decay experiments.
Current limits on the total neutrino mass

P
m⌫ (summed over the

three neutrino families) from cosmology are rather model depen-
dent and vary strongly with the data combination adopted. The
tightest constraints for flat models with three families of neutri-
nos are typically around 0.3 eV (95% CL; e.g., de Putter et al.
2012). Since

P
m⌫ must be greater than approximately 0.06 eV

in the normal hierarchy scenario and 0.1 eV in the degener-
ate hierarchy (Gonzalez-Garcia et al. 2012), the allowed neu-
trino mass window is already quite tight and could be closed
further by current or forthcoming observations (Jimenez et al.
2010; Lesgourgues et al. 2013).

Cosmological models, with and without neutrino mass, have
di↵erent primary CMB power spectra. For observationally-
relevant masses, neutrinos are still relativistic at recombina-
tion and the unique e↵ects of masses in the primary power
spectra are small. The main e↵ect is around the first acoustic
peak and is due to the early integrated Sachs-Wolfe (ISW) ef-
fect; neutrino masses have an impact here even for a fixed red-
shift of matter–radiation equality (Lesgourgues & Pastor 2012;
Hall & Challinor 2012; Hou et al. 2012; Lesgourgues et al.
2013). To date, this e↵ect has been the dominant one in con-
straining the neutrino mass from CMB data, as demonstrated in
Hou et al. (2012). As we shall see here, the Planck data move
us into a new regime where the dominant e↵ect is from gravi-
tational lensing. Increasing neutrino mass, while adjusting other
parameters to remain in a high-probability region of parameter
space, increases the expansion rate at z >⇠ 1 and so suppresses
clustering on scales smaller than the horizon size at the non-
relativistic transition (Kaplinghat et al. 2003; Lesgourgues et al.
2006). The net e↵ect for lensing is a suppression of the CMB
lensing potential and, for orientation, by ` = 1000 the suppres-
sion is around 10% in power for

P
m⌫ = 0.66 eV.

Here we report constraints assuming three species of degen-
erate massive neutrinos. At the level of sensitivity of Planck, the
e↵ect of mass splittings is negligible, and the degenerate model
can be assumed without loss of generality.

Combining the Planck+WP+highL data, we obtain an upper
limit on the summed neutrino mass of

X
m⌫ < 0.66 eV (95%; Planck+WP+highL). (69)

The posterior distribution is shown by the solid black curve in
Fig. 26. To demonstrate that the dominant e↵ect leading to the
constraint is gravitational lensing, we remove the lensing infor-
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Inflation:  
Primordial fluctuations

□ ns = 0.960 ± 0.007 
■ >5 sigma away from ns=1

Planck Collaboration: Cosmological parameters
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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□ Simplest models: scalar field φ w/very flat potential V(φ)	


□ Planck constrains specific models of inflation	


□ More information from the polarization of the CMB, which 

may observe the presence of gravitational waves in the early 
Universe: 	


■ next year’s Planck  

data release	


■ next-gen ground &  

balloon expts 
(e.g., PolarBear,  
EBEX, SPIDER,…)

Planck Collaboration: The Planck mission

Table 9. Cosmological parameter values for the Planck-only best-fit 6-parameter ⇤CDM model (Planck temperature data plus lensing) and for
the Planck best-fit cosmology including external data sets (Planck temperature data, lensing, WMAP polarization [WP] at low multipoles, high-`
experiments, and BAO, labelled [Planck+WP+highL+BAO] in Planck Collaboration XVI (2013)). Definitions and units for all parameters can be
found in Planck Collaboration XVI (2013).

Planck (CMB+lensing) Planck+WP+highL+BAO

Parameter Best fit 68 % limits Best fit 68 % limits

⌦bh2 . . . . . . . . . . 0.022242 0.02217 ± 0.00033 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.11805 0.1186 ± 0.0031 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04150 1.04141 ± 0.00067 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0949 0.089 ± 0.032 0.0952 0.092 ± 0.013
ns . . . . . . . . . . . 0.9675 0.9635 ± 0.0094 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.098 3.085 ± 0.057 3.0973 3.091 ± 0.025

⌦⇤ . . . . . . . . . . . 0.6964 0.693 ± 0.019 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8285 0.823 ± 0.018 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.45 10.8+3.1
�2.5 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 68.14 67.9 ± 1.5 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.784 13.796 ± 0.058 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04164 1.04156 ± 0.00066 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.74 147.70 ± 0.63 147.611 147.68 ± 0.45

rdrag/DV(0.57) . . . . 0.07207 0.0719 ± 0.0011

for “running” of the spectral index. The spectrum does, however,
deviate significantly (6�) from scale invariance, as predicted by
most models of inflation (see below). The unique contribution
of Planck, compared to previous experiments, is that the depar-
ture from scale invariance is robust to changes in the underlying
theoretical model.

We find no evidence for extra relativistic species, beyond the
three species of (almost) massless neutrinos and photons. The
main e↵ect of massive neutrinos is a suppression of clustering on
scales larger than the horizon size at the non-relativisitic transi-
tion. This a↵ects both C��L with a damping for L > 10, and CTT

`
reducing the lensing induced smoothing of the acoustic peaks.
Using Planck data in combination with polarization measured
by WMAP and high-` anisotropies from ACT and SPT allows
for a constraint of

P
m⌫ < 0.66 eV (95 % CL) based on the

[Planck+WP+highL] model. Curiously, this constraint is weak-
ened by the addition of the lensing likelihood

P
m⌫ < 0.85 eV

(95 % CL), reflecting mild tensions between the measured lens-
ing and temperature power spectra, with the former preferring
larger neutrino masses than the latter. Possible origins of this
tension are explored further in Planck Collaboration XVI (2013)
and are thought to involve both the C��L measurements and fea-
tures in the measured CTT

` on large scales (` < 40) and small
scales ` > 2000 that are not fit well by the ⇤CDM+foreground
model. The signal-to-noise on the lensing measurement will im-
prove with the full mission data, including polarization, and it
will be interesting to see how this story develops.

The combination of large lever arm, sensitivity to isocurva-
ture fluctuations and non-Gaussianity makes Planck particularly
powerful at probing inflation. Constraints on inflationary mod-
els are presented in Planck Collaboration XXII (2013) and over-
whelmingly favor a single, weakly coupled, neutral scalar field
driving the accelerated expansion and generating curvature per-
turbations. The models that fit best have a canonical kinetic term
and a field slowly rolling down a featureless potential.
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Fig. 26. Marginalized 68 % and 95 % confidence levels for ns and r from
Planck+WP and BAO data, compared to the theoretical predictions of
selected inflationary models.

Of the models considered, those with locally concave poten-
tials are favored and occupy most of the region in the ns,r plane
allowed at 95 % confidence level (see Fig. 23). Power law in-
flation, hybrid models driven by a quadratic term and monomial
large field potentials with a power larger than two lie outside the
95 % confidence contours. The quadratic large field model, in
the past often cited as the simplest inflationary model, is now at
the boundary of the 95 % confidence contours of Planck + WP
+ CMB high ` data.

The axion and curvaton scenarios, in which the CDM isocur-
vature mode is uncorrelated or fully correlated with the adiabatic
mode, respectively, are not favored by Planck, which constrains
the contribution of the isocurvature mode to the primordial spec-
tra at k = 0.05Mpc�1 to be less than 3.9 % and 0.25 % (at 95 %
CL), respectively.

The Planck results come close to the tightest upper limit on
the tensor-to-scalar amplitude possible from temperature data
alone. The precise determination of the higher acoustic peaks
breaks degeneracies that have weakened earlier measurements.
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Consistency of  Planck data
□ Do the data fit the model?	


!

!

!
□ Do different data agree?	


■ within Planck ΔT/T: see above for self-consistency of maps, 

spectra, parameters	


■ between Planck methods	


□ lensing: direct measurement of lensing amplitude ~ 1.2 vs 1.0	


□ clusters: lower Ωm, σ8 	


■ at face value, can be [only partially] ameliorated with neutrinos	


■ but strong dependence on cluster modelling (e.g., hydrostatic bias)	



■ Parameter details: e.g., CMB measurements of H0 a few σ low vs 
cosmic distance ladder	


□ astrophysical measurements seem to be coming down a posteriori?

First ~30 modes 
a bit smaller than 

expected from 
ΛCDM?

Less 
structure More	



structure
“cold spot”



Testing assumptions
□ We have been calculating the posterior  
	

P(Ωbh2, Ωch2, θMC, τ, ns, As | Planck, I)	



□ Background information “I”	


■ (testable) assumptions:	


□ LCDM in general	


□ gaussianity, isotropy (+lensing)	


□ by some measures, it obeys  

these assumptions very well

Planck Collaboration: Isotropy and statistics
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Fig. 1. Variance, skewness and kurtosis for the combined map of
the four di↵erent component separation methods. From top row
to bottom row C-R, NILC, SEVEM, SMICA.

Table 6. Lower tail probablity for the N-pdf, using di↵erent
masks.

Mask C-R NILC SEVEM SMICA

U73, fsky =78% . . . . . . . . . . . . . . 0.027 0.028 0.019 0.030
CL58, fsky =58% . . . . . . . . . . . . . 0.137 0.137 0.147 0.146
CL37, fsky =37% . . . . . . . . . . . . . 0.409 0.415 0.420 0.436
Ecliptic North, fsky =39% . . . . . . 0.024 0.022 0.021 0.021
Ecliptic South, fsky =39% . . . . . . 0.170 0.196 0.183 0.193

We begin by analysing the �2 quantity for low resolution
maps at Nside = 32 and filtering with a 5� FWHM Gaussian.
1 µK uncorrelated regularization noise is added to the covariance
matrix before inverting it. Regularization noise realizations are
added to the data and simulations for consistency (see Eriksen
et al. 2007b, for more details).

We analyse the four cleaned data maps, applying the com-
mon, CL58 and CL37 masks. The admitted fraction of the sky
is respectively 78%, 58% and 37%. The northern and southern
ecliptic hemispheres outside the U73 mask are also considered.
The results are shown in Fig. 2 and Table 6. In the U73 mask
case, the lower tail probabilities are low. Applying the two CL58
and CL37 masks that permit less sky coverage, the data are con-
sistent with simulations. The low �2 value appears to be localised
in the northern ecliptic hemisphere. These results are directly
comparable to the anomalous variance mentioned in Sect. 4.1.
Note that the four maps show similar values, but the di↵erences
are larger when using the U73 mask. This could indicate the
presence of some residual foreground contamination near the
Galactic plane. Therefore, the frequency dependence of our es-
timator is analysed in order to identify any possible foreground
contamination. The results are shown in Fig. 3 and Table 7. A
moderate frequency dependence is found when using the U73
mask, which could indicate the presence of some foreground
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Fig. 2. N-pdf �2 for the U73 mask, CL58, CL37, ecliptic North
and ecliptic South. The di↵erent colours represent the four com-
ponent separation methods, namely C-R (green), NILC (blue),
SEVEM (red), and SMICA (orange).

Table 7. Frequency dependence of the lower tail probablity for
the N-pdf, using di↵erent masks.

Mask 70 GHz 100 GHz 143 GHz 217 GHz
U73, fsky =78% . . . . . . . . . 0.037 0.058 0.013 0.124
CL58, fsky =58% . . . . . . . . 0.169 0.123 0.111 0.169
CL37, fsky =37% . . . . . . . . 0.422 0.366 0.376 0.386
Ecliptic North, fsky =39% . 0.028 0.050 0.015 0.083
Ecliptic South, fsky =39% . 0.225 0.233 0.166 0.330

residuals near the Galactic plane. The frequency dependence of
the results vanishes when using the CL58 and CL37 masks that
exclude more of the sky from analysis.

4.3. N-point correlation functions

In this section we present tests of the non-Gaussianity of the
Planck CMB maps using real-space N-point correlation func-
tions. While harmonic-space methods are often preferred over
real-space methods for studying primordial fluctuations, real-
space methods may have an advantage with respect to system-
atics and foregrounds, since such e↵ects are usually localized in
real space. It is therefore important to analyse the data in both
spaces in order to highlight di↵erent features.

An N-point correlation function is by definition the average
product of N temperatures, measured in a fixed relative orienta-
tion on the sky,

CN(✓1, . . . , ✓2N�3) =
*
�T ( ˆ

n1) · · ·�T ( ˆ

nN)
+
, (8)

where the unit vectors ˆ

n1, . . . , ˆnN span an N-point polygon on
the sky. By assuming statistical isotropy, the N-point functions
are only functions of the shape and size of the N-point poly-
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Fig. 6. The 2-point (upper left), pseudo-collapsed (upper right), equilateral (lower left) 3-point and reduced rhombic 4-point (lower
right) functions for the Nside = 64 CMB estimates. The black solid line indicates the mean for 1000 MC simulations and the shaded
dark and light grey regions indicate the 68% and 95% confidence regions, respectively.

Table 10. Probabilities of obtaining values of the �2 statistic of
the N-point functions shown in Figs. 7 and 8 for the Planck fidu-
cial ⇤CDM model at least as large as the observed values of
the statistic for Planck CMB maps with resolution parameter
Nside = 512 estimated using the C-R, NILC, SEVEM and SMICA
methods.

C-R NILC SEVEM SMICA

Two-point function

A set . . . . . . . . . . . . . 0.858 0.902 0.886 0.904
B set . . . . . . . . . . . . . 0.351 0.370 0.404 0.376
Pseudo-collapsed three-point function

A set . . . . . . . . . . . . . 0.568 0.565 0.651 0.603
B set . . . . . . . . . . . . . 0.483 0.526 0.550 0.540
Equilateral three-point function

A set . . . . . . . . . . . . . 0.004 0.032 0.045 0.043
B set . . . . . . . . . . . . . 0.452 0.485 0.443 0.479
Rhombic four-point function

A set . . . . . . . . . . . . . 0.104 0.102 0.102 0.107
B set . . . . . . . . . . . . . 0.521 0.569 0.537 0.579

Table 11. Probabilities of obtaining values of the �2 statistic
of the N-point functions shown in Fig. 9 for the Planck fidu-
cial ⇤CDM model at least as large as the observed values of
the statistic for Planck CMB maps with resolution parameter
Nside = 2048 estimated using the C-R, NILC, SEVEM, and SMICA
methods.

C-R NILC SEVEM SMICA

2-pt. . . . . . . . . . . . . . . 0.335 0.474 0.573 0.497
pseudo-coll. 3-pt. . . . . 0.522 0.463 0.469 0.448
equil. 3-pt. . . . . . . . . . 0.853 0.789 0.819 0.796
4-pt. . . . . . . . . . . . . . . 0.532 0.534 0.579 0.526

from Gaussianity for any of the analysed scales. However, it is
clear that the CMB maps smoothed and downgraded to Nside =
64 show the largest deviation, especially for the 4-point correla-
tion function, in comparison to the intermediate and small angu-
lar scale analyses.

4.4. Minkowski functionals

Minkowski functionals (Minkowski 1903, hereafter MFs) de-
scribe the morphology of fields in any dimension and have long
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Bianchi Models
□ Homogeneous, anisotropic spaces	


□ VIIh: global shear and rotation	


■ parameter h relates vorticity ωi to shear σij, Ωtot	
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Fig. 3: Simulated deterministic CMB temperature contribu-
tions in Bianchi VIIh cosmologies for varying x and ⌦tot
(left-to-right ⌦tot 2 {0.10, 0.30, 0.95}; top-to-bottom x 2
{0.1, 0.3, 0.7, 1.5, 6.0}). In these maps the swirl pattern typical
of Bianchi-induced temperature fluctuations is rotated from the
South pole to the Galactic centre for illustrational purposes.

ther (�/H)0 or (!/H)0 since these parameters influence the am-
plitude of the induced temperature contribution only and not its
morphology. The handedness of the coordinate system is also
free in Bianchi VIIh models, hence both left- and right-handed
models arise. Since the Bianchi-induced temperature fluctua-
tions are anisotropic on the sky the orientation of the result-
ing map may vary also, introducing three additional degrees-of-
freedom. The orientation of the map is described by the Euler
angles4 (↵, �, �), where for (↵, �, �) = (0�, 0�, 0�) the swirl pat-
tern typical of Bianchi templates is centred on the South pole.

Examples of simulated Bianchi VIIh CMB temperature maps
are illustrated in Fig. 3 for a range of parameters. In the anal-
ysis performed herein the BIANCHI25 (McEwen et al. 2013)
code is used to simulate the temperature fluctuations induced
in Bianchi VIIh models. Bianchi VIIh models induce only large
scale temperature fluctuations in the CMB and consequently
Bianchi maps have a particularly low band-limit, both globally
and azimuthally (i.e., in both ` and m in spherical harmonic
space; indeed, only those harmonic coe�cients with m = ±1
are non-zero).

4. Data description

We use Planck maps that have been processed by the
various component-separation pipelines described in Planck
Collaboration XII (2013). The methods produce largely consis-
tent maps of the sky, with detailed di↵erences in pixel intensity,
noise properties, and masks. Here, we consider maps produced
by the Commander-Ruler, NILC, SMICA and SEVEM methods.
Each provides its own mask and we also consider the conserva-
tive common mask.

We note that because our methods rely on rather intensive
pixel- or harmonic-space calculations, in particular considering

4 The active zyz Euler convention is adopted, corresponding to the
rotation of a physical body in a fixed coordinate system about the z, y
and z axes by �, � and ↵ respectively.

5 http://www.jasonmcewen.org/

Fig. 4: The mask ( fsky = 0.76) used in the matched circles anal-
ysis.

a full set of three-dimensional orientations and, for the likeli-
hood methods, manipulation of an anisotropic correlation ma-
trix, computational e�ciency requires the use of data degraded
from the native HEALPix (Górski et al. 2005) Nside = 2048
resolution of the Planck maps. Because the signatures of ei-
ther a multiply-connected topology or a Bianchi model are most
prominent on large angular scales, this does not result in a sig-
nificant loss of ability to detect and discriminate amongst the
models (see Sect. 5.3).

The topology analyses both rely on degraded maps and
masks. The matched-circles method smooths with a 300
Gaussian filter and degrades the maps to Nside = 512, and uses
a mask derived from the SEVEM component separation method
(Fig. 4). Because the performance of the matched-circles statistic
can be significantly degraded by the point source cut, we mask
only those point sources from the full-resolution fsky = 0.73
SEVEM mask with amplitude, after smoothing and extrapolation
to the 143 or 217 GHz channels, greater than the faintest source
originally detected at those frequencies. The mask derived in this
way retains fsky = 0.76 of the sky.

The likelihood method smooths the maps and masks with an
11� Gaussian filter and then degrades them to Nside = 16 and
conservatively masks out any pixel with more than 10 % of its
original subpixels masked. At full resolution, the common mask
retains a fraction fsky = 0.73 of the sky, and fsky = 0.78 when
degraded to Nside = 16 (the high-resolution point-source masks
are largely filled in the degraded masks). The Bianchi analysis
is performed in harmonic space, and so does not require explicit
degradation in pixel space. Rather, the data are transformed at
full resolution into harmonic space and considered only up to a
specified maximum harmonic `, where correlations due to the
mask are taken into account.

Di↵erent combinations of these maps and masks are used
to discriminate between the topological and anisotropic models
described in Sect. 3.

5. Methods

5.1. Topology: circles in the sky

The first set of methods, exemplified by the circles-in-the-sky
of Cornish et al. (1998), involves a frequentist analysis using a
statistic which is expected to di↵er between the models exam-
ined. For the circles, this uses the fact that the intersection of the
topological fundamental domain with the surface of last scat-
tering is a circle, which one potentially views from two di↵er-
ent directions in a multiply-connected universe. Of course, the
matches are not exact due to noise, foregrounds, the integrated

6



Bianchi Models

Planck Collaboration: Planck 2013 results. XXVI. Background geometry and topology of the Universe

(a) Flat-decoupled-Bianchi model.

(b) Open-coupled-Bianchi model.

Fig. 20: Posterior distributions of Bianchi parameters recovered from Planck SMICA (solid curves) and SEVEM (dashed curves)
component-separated data for left-handed models. Planck data provide evidence in support of a Bianchi component in the phe-
nomenological flat-decoupled-Bianchi model (panel a) but not in the physical open-coupled-Bianchi model (panel b).
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Université Joseph Fourier, Grenoble 1 / CNRS-INSU, UMR 5274,
Grenoble, F-38041, France

51 IUCAA, Post Bag 4, Ganeshkhind, Pune University Campus, Pune
411 007, India

52 Imperial College London, Astrophysics group, Blackett
Laboratory, Prince Consort Road, London, SW7 2AZ, U.K.

20

Planck Collaboration: Planck 2013 results. XXVI. Background geometry and topology of the Universe

Table 4: Parameters recovered for left-handed flat-decoupled-Bianchi model. Planck data favour the inclusion of a Bianchi compo-
nent in this phenomenological model.

Bianchi Parameter SMICA SEVEM
MAP Mean MAP Mean

⌦B
m 0.38 0.32 ± 0.12 0.35 0.31 ± 0.15
⌦B
⇤ 0.20 0.31 ± 0.20 0.22 0.30 ± 0.20

x 0.63 0.67 ± 0.16 0.66 0.62 ± 0.23
(!/H)0 8.8 ⇥ 10�10 (7.1 ± 1.9) ⇥ 10�10 9.4 ⇥ 10�10 (5.9 ± 2.4) ⇥ 10�10

↵ 38.8� 51.3� ± 47.9� 40.5� 77.4� ± 80.3�
� 28.2� 33.7� ± 19.7� 28.4� 45.6� ± 32.7�
� 309.2� 292.2� ± 51.9� 317.0� 271.5� ± 80.7�

of ⇤CDM cosmologies. The constraints (!/H)0 < 7.6 ⇥ 10�10

(95% confidence level) on the vorticity of the physical cou-
pled Bianchi VIIh left-handed models and (!/H)0 < 8.1 ⇥ 10�10

(95% confidence level) for right-handed models are recovered
from SMICA component-separated data. It will be informative to
analyse polarised Planck observations for evidence of Bianchi
models, which may provide a more definitive conclusion.

7. Discussion

We have used the Planck temperature anisotropy maps to probe
the large-scale structure of spacetime. We have calculated the
Bayesian likelihood for specific topological models in universes
with locally flat, hyperbolic and spherical geometries, all of
which find no evidence for a multiply-connected topology with
a fundamental domain within the last scattering surface. After
calibration on simulations, direct searches for matching circles
resulting from the intersection of the fundamental topological
domain with the surface of last scattering also give a null result
at high confidence. These results use conservative masks of the
sky, unlike previous WMAP results, which used full-sky inter-
nal linear combination maps (not originally intended for cosmo-
logical studies) or less conservative foreground masks. Hence,
the results presented here, while corroborating the previous non-
detections, use a single, self-consistent, and conservative dataset.
The masked sky also increases the possibility of chance patterns
in the actual sky mimicking the correlations expected for topolo-
gies with a characteristic scale near that of the last scattering
surface.

Depending on the shape of the fundamental domain, we find
Ri >⇠ �rec (Table 2) with detailed 99 % confidence limits (con-
sidering the likelihood marginalized over the orientation of the
fundamental domain) varying from 0.9�rec for the cubic torus in
a flat universe to 1.03�rec for the dodecahedron in a positively
curved universe, with somewhat weaker constraints for poorly-
proportioned spaces that are considerably larger along some di-
rections.

Note that these results make use of the expected pixel-space
correlations as a unique signal of non-trivial topology. Hence,
although a small fundamental domain will suppress power on
the largest scales of the CMB, observation of such low power on
large scales as observed by COBE (Bond et al. 2000), and con-
firmed by WMAP (Luminet et al. 2003), is not su�cient for the
detection of topology. Conversely, because our methods search
directly for these correlations (and indeed marginalize over the
amplitude of fluctuations), a slight modification of the back-
ground FRW cosmology by lowering power in some or all multi-

poles (Planck Collaboration XV 2013) will not a↵ect the ability
to detect the correlations induced by such topologies.

Similarly, using a Bayesian analysis we find no evidence
for a physical, anisotropic Bianchi VIIh universe. However,
Planck data do provide evidence supporting a phenomenological
Bianchi VIIh component, where the parameters of the Bianchi
component are decoupled from standard cosmology. The result-
ing best-fit Bianchi VIIh template found in Planck data is sim-
ilar to that found in WMAP data previously (Ja↵e et al. 2005;
McEwen et al. 2013). However, although this Bianchi compo-
nent can produce some of the (possibly anisotropic) tempera-
ture patterns seen on the largest angular scales (see also Planck
Collaboration XXIII 2013), there is no set of cosmological pa-
rameters which can simultaneously produce these patterns and
the observed anisotropies on other scales. Moreover, the param-
eters of the best-fit Bianchi VIIh template in the decoupled set-
ting are in strong disagreement with other measurements of the
cosmological parameters.

These results are expected from previous measurements
from COBE and WMAP, but Planck’s higher sensitivity and
lower level of foreground contamination provides further con-
firmation. We have shown that the results are insensitive to the
details of the preparation of the temperature maps (in particu-
lar, the method by which the cosmological signal is separated
from astrophysical foreground contamination). Future Planck
measurement of CMB polarization will allow us to further test
models of anisotropic geometries and non-trivial topologies and
may provide more definitive conclusions, for example allowing
us to moderately extend the sensitivity to large-scale topology
(Bielewicz et al. 2012).

References

Barrow, J. D., Juszkiewicz, R., & Sonoda, D. H. 1985, Mon. Not. Roy. Astron.
Soc., 213, 917

Bennett, C. L., Banday, A. J., Gorski, K. M., et al. 1996, ApJ, 464, L1
Bennett, C. L., Halpern, M., Hinshaw, G., et al. 2003, ApJS, 148, 1
Bennett, C. L., Larson, D., Weiland, J. L., et al. 2012, ArXiv e-prints
Bielewicz, P. & Banday, A. J. 2011, MNRAS, 412, 2104
Bielewicz, P., Banday, A. J., & Górski, K. M. 2012, MNRAS, 421, 1064
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A&A, 460, 393
Ja↵e, T. R., Banday, A. J., Eriksen, H. K., Górski, K. M., & Hansen, F. K. 2006b,
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!0/H0 < 8.1⇥ 10�10 (95%)Flat-coupled: 



□ The Bianchi VIIh uncoupled “model” accounts for 
much of the hemispherical asymmetry
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Fundamental Physics:  
The shape of  the Universe

□ General relativity determines the curvature of the 
Universe, but not its topology (holes and handles)	



□ Most theories of quantum gravity (and quantum 
cosmology) predict topological change on small 
scales and at early times. 	



□ Does this have cosmological implications?	


■ E.G., small universe ⇒ fewer large-scale modes 

available ⇒ low power on large scales?



Topology in a flat “universe”

Don’t need to “embed” the square 
to have a connected topology.

“tiling the plane”



Us!

Last Scattering Surface

Perfect correlation [of SW] 
“circles in the sky”
finite-lag correlation

Measuring Topology  
with the CMB 



Topology from Planck
□ “Matched circles” in  

a simulated Universe:	


□ When topological  

scale ≲ Horizon scale,  
induce anisotropic  
correlations (and suppress  
power) on large scales	



□ More powerful (Bayesian) methods take advantage of 
full correlation structure	


!

□ Alas, not found… but we limit the size of the 
“fundamental cube” to be greater than the size of the 
surface we observe with the CMB:	


■ side L≳26 Gpc (85 billion light years!)



□ No strong evidence for topology on the scale of 
the last-scattering surface
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Planck Collaboration: Planck 2013 results. XXVI. Background geometry and topology of the Universe

Fig. 1: The top row shows the correlation structure (i.e., a sin-
gle row of the correlation matrix) of a simply-connected uni-
verse with isotropic correlations. For subsequent rows, the left
and middle column show positively curved multiply-connected
spaces (left: dedocahedral, middle: octahedral) and the right col-
umn shows equal sided tori. The upper row of three maps cor-
responds to the case when the size of the fundamental domain
is of the size of the diameter to the last scattering surface and
hence the first evidence for large angle excess correlation ap-
pears. Subsequent rows correspond to decreasing fundamental
domain size with respect to the last scattering diameter, with pa-
rameters roughly chosen to maintain the same ratio between the
models.

X

n
�`(kn,�⌘)�`0 (kn,�⌘)P(kn)Y`m(n̂)Y⇤`0m0 (n̂) ,

(5)

where �`(k,�⌘) is the radiation transfer function (e.g., Bond &
Efstathiou 1987; Seljak 1996). We refer to the cubic torus with
three equal sides as the T3 topology; it is also possible for the
fundamental domain to be compact in only two spatial dimen-
sions (e.g., the so-called T2 “chimney” space) or one (the T1
“slab”, similar to the “lens” spaces available in manifolds with
constant positive curvature) in which case the sum is replaced by
an integral in those directions. These models serve as approxi-
mations to modifications to the local topology of the global man-
ifold (albeit on cosmological scales): for example, the chimney
space can mimic a “handle” connecting di↵erent regions of an
approximately flat manifold.

In Fig. 1 we show rows of the pixel-space correlation matrix
for a number of multiply-connected topologies as a map, show-
ing the magnitude of the correlation within a particular pixel.
For the simply-connected case, the map simply shows the same
information as the correlation function C(✓); for the topologi-
cally non-trivial cases, we see the correlations depend on dis-
tance and direction and di↵er from pixel to pixel (i.e., from row
to row of the matrix). In Fig. 2 we show example maps of CMB
anisotropies in universes with these topologies, created by direct
realisations of Gaussian fields with the correlation matrices of
Fig. 1.

3.2. Bianchi

Bianchi cosmologies include the class of homogeneous but
anisotropic cosmologies, where the assumption of isotropy about
each point in the Universe is relaxed. For small anisotropy, as

Fig. 2: Random realisations of temperature maps for the models
in Fig. 1. The maps are smoothed with a Gaussian filter with
full-width-half-maximum FWHM = 640 0.

demanded by current observations, linear perturbation about the
standard FRW model may be applied, leading to a subdominant,
deterministic contribution to the CMB fluctuations. In this set-
ting CMB fluctuations may be viewed as the sum of a determin-
istic Bianchi contribution and the usual stochastic contribution
that arises in the ⇤CDM model. The deterministic CMB temper-
ature fluctuations that result in the Bianchi models were derived
by Barrow et al. (1985), although no dark energy component was
included. More recently, Ja↵e et al. (2006c), and independently
Bridges et al. (2007), extended these solutions for the open and
flat Bianchi VIIh models to include cosmologies with dark en-
ergy. We defer the details of the CMB temperature fluctuations
induced in Bianchi models to these works and give only a brief
description here.

Bianchi VIIh models describe a universe with overall ro-
tation, parameterized by an angular velocity, !, and a three-
dimensional rate of shear, parameterized by the antisymmetric
tensor �i j; we take these to be relative to the z axis. The model
has a free parameter, first identified by Collins & Hawking
(1973), describing the comoving length-scale over which the
principal axes of shear and rotation change orientation. The ra-
tio of this length scale to the present Hubble radius is typically
denoted x, which defines the h parameter of type VIIh models
through (Barrow et al. 1985)

x =
r

h
1 �⌦tot

, (6)

where the total energy density ⌦tot = ⌦m + ⌦⇤. The parameter
x acts to change the “tightness” of the spiral-type CMB tem-
perature contributions that arise due to the geodesic focusing of
Bianchi VIIh cosmologies. The shear modes �i j of combinations
of orthogonal coordinate axes are also required to describe a
Bianchi cosmology. The present dimensionless vorticity (!/H)0
may be related to the dimensionless shear modes (�i j/H)0 by
(Barrow et al. 1985)

✓!
H

◆

0
=

(1 + h)1/2(1 + 9h)1/2

6x2⌦tot

r✓�12

H

◆2

0
+
✓�13

H

◆2

0
, (7)

where H is the Hubble parameter. Throughout we assume equal-
ity of shear modes � = �12 = �13 (cf. Ja↵e et al. 2005). The
amplitude of the deterministic CMB temperature fluctuations in-
duced in Bianchi VIIh cosmologies may be characterised by ei-
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Planck 2014-
□ Next up: twice as much intensity data  

(30 vs 15 months) and polarization. 	


□ Preview: at small/intermediate  

scales, polarization and intensity 
correlation exactly as predicted  
by theory.

theory

data

Planck Collaboration: Cosmological parameters

Fig. 10. Planck TT power spectrum. The points in the upper panel show the maximum-likelihood estimates of the primary CMB
spectrum computed as described in the text for the best-fit foreground and nuisance parameters of the Planck+WP+highL fit listed
in Table 5. The red line shows the best-fit base ⇤CDM spectrum. The lower panel shows the residuals with respect to the theoretical
model. The error bars are computed from the full covariance matrix, appropriately weighted across each band (see Eqs. 36a and
36b), and include beam uncertainties and uncertainties in the foreground model parameters.

Fig. 11. Planck T E (left) and EE spectra (right) computed as described in the text. The red lines show the polarization spectra from
the base ⇤CDM Planck+WP+highL model, which is fitted to the TT data only.
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Post-Planck
□ Polarization: Starting to get the first results from 

kilo-pixel CMB detector arrays — sufficient to 
detect lensing conversion of E→B 	


■ Cross-correlation with  

large-scale structure  
(SPTPol: Hanson et al;  
ACT: Hand et al; Polarbear)	


!

■ ⟨EEEB⟩ & ⟨EBEB⟩  
(Polarbear)	



■ Still no detection of  
primordial B modes  
(gravitational radiation)
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FIG. 3. Polarization lensing power spectra for each lensing estimator. Measured polarization lensing power spectra for each of
Polarbear’s three patches for both lensing estimators ⟨EEEB⟩ (left) and ⟨EBEB⟩ (right). The lensing signal predicted by
the ΛCDM model is shown in solid black curve. The lensing power spectra are shown for each patch in dark green (RA23), blue
(RA12) and magenta (RA4.5), respectively. Patch-combined lensing power spectrum is shown in red. Covariance estimates are
taken from unlensed simulations.
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FIG. 4. Polarization lensing power spectra. Polarization lensing power spectra (red) with B-modes co-added from the three
Polarbear patches and two estimators. ⟨EEEB⟩ is in blue and ⟨EBEB⟩ dark green. Left: A 4.6σ rejection of the null
hypothesis of no lensing. This data fits a lensing amplitude A = 1.37 ± 0.30 normalized to the fiducial ΛCDM value. Right:
The same data, assuming the existence of lensing to calculate error bars including sample variance and including the covariance
between ⟨EEEB⟩ and ⟨EBEB⟩. In this case, the amplitude is measured as A = 1.06 ± 0.47, corresponding to a 43%
uncertainty on the amplitude of the Cdd

L power spectrum (a 22% uncertainty on the amplitude of matter fluctuations). The
posterior distribution functions of the amplitudes A from both unlensed and lensed simulations are shown in the inserted boxes.
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FIG. 1: Cross-power spectra of CMB polarization lensing
and the 500µm Herschel CIB flux. Top panel: the min-
imum variance combination of all polarization lensing mea-
surements cross-correlated with the Herschel maps; this re-
sult corresponds to 4.0� evidence for gravitational lensing of
CMB polarization. Middle panel: the cross power of EB-
reconstructed lensing with the Herschel maps; constructed
from the EB estimator applied to both Polarbear maps,
this result corresponds to 2.3� evidence for lensing B-modes.
Bottom panel: all four combinations of the two lensing
estimators (EE,EB) applied to two di↵erent Polarbear

maps (RA23, RA12) and cross-correlated with Herschel -
EB/RA23 (dark blue), EE/RA23 (green), EE/RA12 (red),
EB/RA12 (cyan), listing from left to right for each band-
power. The fiducial theory curve for the lensing – CIB cross-
spectrum [16] is also shown (solid line).

gives similar detection significances (to within 0.2�). As
our null hypothesis is the absence of gravitational lens-
ing of CMB polarization, we include no lensing in the
Monte Carlo simulations used to derive the detection sig-
nificance.
Systematic Error Estimates and Null Tests:

Here we discuss the e↵ects of potential sources of sys-
tematic error on the polarization lensing – CIB cross-
correlation. We briefly focus on astrophysical fore-
grounds before turning to instrumental systematics.
To check the foreground contamination level, we com-
pare the lensing-CIB cross-powers with and without the
ATCA sources masked in the CMB; we find the di↵er-
ences are less than 0.2�, which indicates that the con-
tribution of polarized point sources is negligible. As
an additional test, we simulate polarized point sources
(very conservatively estimating 10% polarization frac-
tion, counts as in [36], and neglecting any source mask-
ing in Polarbear) in both CMB and CIB maps and
propagate these maps through our lensing estimation and
cross-correlation pipeline. We find negligible contamina-
tion to the cross-power (at levels well below a percent of
the signal).
We next discuss instrumental systematic errors. First,

we consider a general systematic that linearly couples
T and E modes into B-modes, as leakage most a↵ects
the small B-mode signal (in addition, no other system-
atics can mimic the galaxy EB-lensing cross-correlation
signal, as the signal will still be zero on average if the
lensing B-mode is zero). To estimate the e↵ects of such
instrumental systematic errors, we simply insert a gen-
eral expression for the systematic-contaminated B mode

B̃(`) = B(`) +

Z
d2`0

(2⇡)2
sEB(`� `0)E(`0)

+

Z
d2l0

(2⇡)2
sTB(`� `0)T (`0), (5)

into our expression for the cross-correlation using the
EB-reconstruction. Here the functions s describe the
systematic-induced couplings and the fields E,B, T are
the true (lensed) fields on the sky. Analytically calculat-
ing the e↵ects of such leakage on the cross-correlation,
we find that the bias it induces is zero, essentially due to
the fact that, in cross-correlation, the EB-estimator is
insensitive to leakage of even parity. To test this analytic
calculation in simulations, we repeat the cross-correlation
pipeline verification described earlier, except now intro-
ducing leakage terms. We add 1% of the temperature
maps to the Q and U maps, and add 10% of Q to U
and vice versa. The introduced leakage does not bias the
cross-correlation to percent-level accuracy although the
errors increase marginally.
We estimate the e↵ects of beam uncertainty by gen-

erating simulations with the beam values everywhere in-
creased or decreased by an amount equal to the 1� error.
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FIG. 2: (Black, center bars): Cross-correlation of the lens-
ing B modes measured by SPTpol at 150GHz with lensing B
modes inferred from CIB fluctuations measured by Herschel
and E modes measured by SPTpol at 150GHz; as shown in
Fig. 1. (Green, left-o↵set bars): Same as black, but using E
modes measured at 95GHz, testing both foreground contam-
ination and instrumental systematics. (Orange, right-o↵set
bars): Same as black, but with B modes obtained using the
�B procedure described in the text rather than our fiducial
Wiener filter. (Gray bars): Curl-mode null test as described
in the text. (Dashed black curve): Lensing B-mode power
spectrum in the fiducial cosmological model.

We determine the uncertainty and normalization of the
cross-spectrum estimate using an ensemble of simulated,
lensed CMB+noise maps and simulated Herschel maps.
We obtain comparable uncertainties if we replace any of
the three fields involved in this procedure with observed
data rather than a simulation, and the normalization we
determine for each bin is within 15% of an analytical
prediction based on approximating the Wiener filtering
procedure as diagonal in Fourier space.

In addition to the cross-correlation E�⇥B, it is also
interesting to take a “lensing perspective” and rear-
range the fields to measure the correlation EB⇥�. In
this approach, we perform a quadratic “EB” lens re-
construction [13] to estimate the lensing potential �̂

EB

,
which we then cross-correlate with CIB fluctuations. The
observed cross-spectrum can be compared to previous
temperature-based lens reconstruction results [22, 26].
This cross-correlation is plotted in Fig. 3. Again, the
shape of the cross-correlation which we observe is in good
agreement with the fiducial model, with a �2

/dof of 2.2/4
and a PTE of 70%.

Both the E�⇥B and EB⇥� cross-spectra discussed
above are probing the three-point correlation function
(or bispectrum) between E, B, and � that is induced by
lensing. We assess the overall significance of the measure-
ment by constructing a minimum-variance estimator for
the amplitude Â of this bispectrum, normalized to have

FIG. 3: “Lensing view” of the EB� correlation plotted in
Fig. 2, in which we cross-correlate an EB lens reconstruc-
tion from SPTpol data with CIB intensity fluctuations mea-
sured by Herschel. Left green, center black, and right or-
ange bars are as described in Fig. 2. Previous analyses using
temperature-based lens reconstruction from Planck [26] and
SPT-SZ [22] are shown with boxes. The results of [26] are at
a nominal wavelength of 550µm, which we scale to 500µm
with a factor of 1.22 [37]. The dashed black curve gives our
fiducial model for CCIB-�

l as described in the text.

a value of unity for the fiducial cosmology+CIB model
(analogous to the analyses of [38, 39] for the TT� bis-
pectrum). This estimator can be written as a weighted
sum over either of the two cross-spectra already dis-
cussed. Use of Â removes an arbitrary choice between
the “lensing” or “B-mode” perspectives, as both are sim-
ply collapsed faces of the EB� bispectrum. Relative to
our fiducial model, we measure a bispectrum amplitude
Â = 1.092± 0.141, non-zero at approximately 7.7�.
We have tested that this result is insensitive to analy-

sis choices. Replacement of the B modes obtained using
the baseline Wiener filter with those determined using
the �

B

estimator causes a shift of 0.2�. Our standard
B-mode estimate incorporates a mask to exclude bright
point sources, while the �

B

estimate does not. The good
agreement between them indicates the insensitivity of po-
larization lensing measurements to point-source contam-
ination. If we change the scan direction cut from l

x

<400
to 200 or 600, the measured amplitude shifts are less
than 1.2�, consistent with the root-mean-squared (RMS)
shifts seen in simulations. If we repeat the analysis with-
out correcting for I ! Q,U leakage, the measured ampli-
tude shifts by less than 0.1�. A similar shift is found if
we rotate the map polarization vectors by one degree to
mimic an error in the average PSB angle.

We have produced estimates of B̂

lens using alterna-
tive estimators of E. When we replace the E modes
measured at 150GHz with those measured at 95GHz,
we measure an amplitude Â = 1.225± 0.164, indicating

Hanson et al, SPTPOL, arXiv:1307.5830



Conclusions
□ Planck data support a standard ΛCDM cosmology	


■ flat FRW	


■ perturbations:	



■ nearly scale-invariant adiabatic	


■ Gaussian + linear & nonlinear evolution	



■ Λ-like acceleration	


□ Some anomalies/inconsistencies remain (as might 

be expected)	


□ More data in 2014-15 from Planck and other 

experiments	


■ especially polarization

} inflation?



Extra Stuff
□ Lensing	


□ Neutrinos	


□ Bianchi



Particle physics with the whole 
Universe

□ Neutrinos are very light ⇒ act like radiation	


■ affect expansion rate at early times	


■ affect growth of structure at late times	



□ Still relativistic at recombination	


□ Improved limit from lensing:  

more mass = less lensing	


■ Σmν < 0.66 eV (95%, Planck+WP+highL)	


■ Σmν < 0.23 eV (+BAO)	


■ However, adding Planck lensing spectrum  

increases limit to <0.85 eV.	



■ Neff = 3.36 ± 0.34 (68%, Planck+WP+highL)	



■ Neff = 3.30 ± 0.27 (+BAO)	



□ With nominal cluster mass bias, SZ  
cluster counts prefer non-zero  
neutrino mass (~0.5 eV). 

Planck Collaboration: Cosmological parameters
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Fig. 28. Left: 2D joint posterior distribution between Ne↵ and
P

m⌫ (the summed mass of the three active neutrinos) in models with
extra massless neutrino-like species. Right: Samples in the Ne↵–me↵

⌫, sterile plane, colour-coded by ⌦ch2, in models with one massive
sterile neutrino family, with e↵ective mass me↵

⌫, sterile, and the three active neutrinos as in the base ⇤CDM model. The physical mass
of the sterile neutrino in the thermal scenario, mthermal

sterile , is constant along the grey dashed lines, with the indicated mass in eV. The
physical mass in the Dodelson-Widrow scenario, mDW

sterile, is constant along the dotted lines (with the value indicated on the adjacent
dashed lines).

The above contraints are also appropriate for the Dodelson-
Widrow scenario, but for a physical mass cut of mDW

sterile < 20 eV.
The thermal and Dodelson-Widrow scenarios considered

here are representative of a large number of possible models that
have recently been investigated in the literature (Hamann et al.
2011; Diamanti et al. 2012; Archidiacono et al. 2012;
Hannestad et al. 2012).

6.4. Big bang nucleosynthesis

Observations of light elements abundances created during big
bang nucleosynthesis (BBN) provided one of the earliest preci-
sion tests of cosmology and were critical in establishing the ex-
istence of a hot big bang. Up-to-date accounts of nucleosynthe-
sis are given by Iocco et al. (2009) and Steigman (2012). In the
standard BBN model, the abundance of light elements (parame-
terized by YBBN

P ⌘ 4nHe/nb for helium-4 and yBBN
DP ⌘ 105nD/nH

for deuterium, where ni is the number density of species i) can
be predicted as a function of the baryon density !b, the number
of relativistic degrees of freedom parameterized by Ne↵ , and of
the lepton asymmetry in the electron neutrino sector. Throughout
this subsection, we assume for simplicity that lepton asymmetry
is too small to play a role at BBN. This is a reasonable assump-
tion, since Planck data cannot improve existing constraints on
the asymmetry34. We also assume that there is no significant en-

34A primordial lepton asymmetry could modify the outcome of BBN
only if it were very large (of the order of 10�3 or bigger). Such a large
asymmetry is not motivated by particle physics, and is strongly con-
strained by BBN. Indeed, by taking into account neutrino oscillations
in the early Universe, which tend to equalize the distribution function
of three neutrino species, Mangano et al. (2012) derived strong bounds
on the lepton asymmetry. CMB data cannot improve these bounds, as
shown by Castorina et al. (2012); an exquisite sensitivity to Ne↵ would
be required. Note that the results of Mangano et al. (2012) assume that
Ne↵ departs from the standard value only due to the lepton asymmetry.
A model with both a large lepton asymmetry and extra relativistic relics
could be constrained by CMB data. However, we will not consider such
a contrived scenario in this paper.

tropy increase between BBN and the present day, so that our
CMB constraints on the baryon-to-photon ratio can be used to
compute primordial abundances.

To calculate the dependence of YBBN
P and yBBN

DP on the
parameters !b and Ne↵ , we use the accurate public code
PArthENoPE (Pisanti et al. 2008), which incorporates values
of nuclear reaction rates, particle masses and fundamental
constants, and an updated estimate of the neutron lifetime
(⌧n = 880.1 s; Beringer et al. 2012). Experimental uncertain-
ties on each of these quantities lead to a theoretical error for
YBBN

P (!b,Ne↵) and yBBN
DP (!b,Ne↵). For helium, the error is dom-

inated by the uncertainty in the neutron lifetime, leading to35

�(YBBN
P ) = 0.0003. For deuterium, the error is dominated by

uncertainties in several nuclear rates, and is estimated to be
�(yBBN

DP ) = 0.04 (Serpico et al. 2004).
These predictions for the light elements can be confronted

with measurements of their abundances, and also with CMB data
(which is sensitive to !b, Ne↵ , and YP). We shall see below that
for the base cosmological model with Ne↵ = 3.046 (or even for
an extended scenario with free Ne↵) the CMB data predict the
primordial abundances, under the assumption of standard BBN,
with smaller uncertainties than those estimated for the measured
abundances. Furthermore, the CMB predictions are consistent
with direct abundance measurements.

6.4.1. Observational data on primordial abundances

The observational constraint on the primordial helium-4 frac-
tion used in this paper is YBBN

P = 0.2534 ± 0.0083 (68% CL)
from the recent data compilation of Aver et al. (2012), based
on spectroscopic observations of the chemical abundances in
metal-poor H ii regions. The error on this measurement is domi-
nated by systematic e↵ects that will be di�cult to resolve in the
near future. It is reassuring that the independent and conserva-

35Serpico et al. (2004) quotes �(YBBN
P ) = 0.0002, but since that

work, the uncertainty on the neutron lifetime has been re-evaluated,
from �(⌧n) = 0.8 s to �(⌧n) = 1.1 s Beringer et al. (2012).
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Fig. 24. Constraints on ns for ⇤CDM models with non-standard
relativistic species, Ne↵ , (upper) and helium fraction, YP, (lower).
We show 68% and 95% contours for various data combinations.
Note the tightening of the constraints with the addition of BAO
data.

ACT and SPT, Hinshaw et al. (2012) found a negative running
at nearly the 2� level with dns/d ln k = �0.022 ± 0.012 (see
also Dunkley et al. 2011 and Keisler et al. 2011 for analysis
of ACT and SPT with earlier data from WMAP). The ACT
3-year release, which incorporated a new region of sky, gave
dns/d ln k = �0.003 ± 0.013 (Sievers et al. 2013) when com-
bined with WMAP 7 year data. With the wide field SPT data at
150 GHz, a negative running was seen at just over the 2� level,
dns/d ln k = �0.024 ± 0.011 (Hou et al. 2012).

The picture from previous CMB experiments is therefore
mixed. The latest WMAP data show a 1� trend for a running,
but when combined with the S12 SPT data, this trend is ampli-
fied to give a potentially interesting result. The latest ACT data
go in the other direction, giving no support for a running spectral
index when combined with WMAP29.

The results from Planck data are as follows (see Figs. 21 and
23):

dns/d ln k = �0.013 ± 0.009 (68%; Planck+WP); (62a)

29The di↵erences between the Planck results reported here and the
WMAP-7+SPT results (Hou et al. 2012) are discussed in Appendix A.

dns/d ln k = �0.015 ± 0.009 (68%; Planck+WP+highL); (62b)
dns/d ln k = �0.011 ± 0.008 (68%; Planck+lensing

+WP+highL). (62c)

The consistency between (62a) and (62b) shows that these re-
sults are insensitive to modelling of unresolved foregrounds.
The preferred solutions have a small negative running, but not
at a high level of statistical significance. Closer inspection of
the best-fits shows that the change in �2 when dns/d ln k is in-
cluded as a parameter comes almost entirely from the low multi-
pole temperature likelihood. In fact, the fits to the high multipole
Planck likelihood have a slightly worse �2 when dns/d ln k is in-
cluded. The slight preference for a negative running is therefore
driven by the spectrum at low multipoles ` <⇠ 50. The tendency
for negative running is partly mitigated by including the Planck
lensing likelihood (Eq. 62c).

The constraints on dns/d ln k are broadly similar if tensor
fluctuations are allowed in addition to a running of the spectrum
(Fig. 23) . Adding tensor fluctuations, the marginalized posterior
distributions for dns/d ln k give

dns/d ln k = �0.021 ± 0.011 (68%; Planck+WP), (63a)
dns/d ln k = �0.022 ± 0.010 (68%; Planck+WP+highL), (63b)
dns/d ln k = �0.019 ± 0.010 (68%; Planck+lensing

+WP+highL). (63c)

As with Eqs. (62a)–(62c) the tendency to favour negative run-
ning is driven by the low multipole component of the tempera-
ture likelihood not by the Planck spectrum at high multipoles.

This is one of several examples discussed in this section
where marginal evidence for extensions to the base ⇤CDM
model are favoured by the TT spectrum at low multipoles. (The
low multipole spectrum is also largely responsible for the pull of
the lensing amplitude, AL, to values greater than unity discussed
in Sect. 5.1). The mismatch between the best-fit base ⇤CDM
model and the TT spectrum at multipoles ` <⇠ 30 is clearly vis-
ible in Fig. 1. The implications of this mismatch are discussed
further in Sect. 7.

Beyond a simple running, various extended parameter-
izations have been developed by e.g., Bridle et al. (2003),
Shafieloo & Souradeep (2008), Verde & Peiris (2008), and
Hlozek et al. (2012), to test for deviations from a power-law
spectrum of fluctuations. Similar techniques are applied to the
Planck data in Planck Collaboration XXII (2013).

6.2.2. Tensor fluctuations

In the base ⇤CDM model, the fluctuations are assumed to
be purely scalar modes. Primordial tensor fluctuations could
also contribute to the temperature and polarization power spec-
tra (e.g., Grishchuk 1975; Starobinsky 1979; Basko & Polnarev
1980; Crittenden et al. 1993, 1995). The most direct way of test-
ing for a tensor contribution is to search for a magnetic-type par-
ity signature via a large-scale B-mode pattern in CMB polar-
ization (Zaldarriaga & Seljak 1997; Kamionkowski et al. 1997).
Direct B-mode measurements are challenging as the expected
signal is small; upper limits measured by BICEP and QUIET
give 95% upper limits of r0.002 < 0.73 and r0.002 < 2.8 respec-
tively (Chiang et al. 2010; QUIET Collaboration et al. 2012)30.

30As discussed in Planck Collaboration II (2013) and
Planck Collaboration VI (2013), residual low-level polarization
systematics in both the LFI and HFI data preclude a Planck B-mode
polarization analysis at this stage.
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