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Abstract: Galaxy formation is a complex, hierarchical, highly non-linear process, which involves gravitational 

collapse of dark matter and baryons, supersonic, highly compressible and turbulent flows of gas, star formation, 

stellar feedback, as well as heating, cooling, and chemical processes that affect the gas and, indirectly, the stellar 

and dark matter distributions. Nevertheless, despite the apparent complexity of processes accompanying galaxy 

formation, galaxies exhibit a number of striking regularities, such as tight correlations between galaxy sizes, 

masses, luminosities, and internal velocities and surprisingly tight correlations between properties of stars and gas 

in galaxies and the mass and extent of their parent halos dominated by dark matter. Existence of such correlations 

indicates that powerful processes operate to bring order out of chaos. Understanding what these processes are and 

how they operate is not only fascinating scientifically, but is critical for interpreting the avalanche of current and 

future observations of galaxies across cosmic time. I will describe recent progress in our understanding of how 

such regularities can arise in a seemingly chaotic and nonlinear process of galaxy formation. 



    

 
 

Self Organization Processes 
 
 

• Profile Consistency in Laboratory Plasmas 
and in Accretion Structures (Astrophysics) 
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The massive galaxy cluster Abell 1689, with member galaxies shown in white along with the hot X-ray 
emitting gas in blue. Credit: X-ray: NASA/CXC/MIT/E.-H Peng. Optical: NASA/STScI 



    
UCLA astronomer George Ogden Abell  



Chandra X-ray Observatory image of the galaxy cluster Abell 2142. The 
image shows a colossal cosmic "weather system" produced by the 
collision of two giant clusters of galaxies. For the first time, the pressure 
fronts in the system can be traced in detail, and they show a bright, but 
relatively cool 50 million degree central region (white) embedded in 
large elongated cloud of 70 million degree gas (magenta), all of which is 
roiling in a faint atmosphere of 100 million degree gas (faint magenta 
and dark blue). The bright source in the upper left is an active galaxy in 
the cluster. 

Abell 2142 is six million light years across and contains hundreds of 
galaxies and enough gas to make a thousand more. It is one of the 
most massive objects in the universe. Galaxy clusters grow to vast sizes 
as smaller clusters are pulled inward under the influence of gravity. 
They collide and merge over the course of billions of years, releasing 
tremendous amounts of energy that heats the cluster gas. The 
smoothness of the elongated cloud in the Chandra image suggests that 
these sub-clusters have collided two or three times in a billion years or 
more, and have nearly completed their merger. 



 

Artist impression Black hole binary system 



 







  The radiation emission from Shining Black Holes is most 

frequently observed to have non thermal features.  Therefore, it 

is appropriate to consider relevant collective processes of 

plasmas surrounding black holes and containing high energy 

particles with non-thermal distributions in momentum space.  

The main subjects that are dealt with are:  a) the existence and 

characteristics of stationary plasma and field configurations; b) 

the excitation of magneto-gravitational modes driven by 

temperature anisotropies and differential rotation;  c) the 

generation of magnetic fields over macroscopic scale distances. 
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Section 11 a relatively simple expression is derived for the quasi linear angular momentum transport equation
connected to the theory of the considered modes.

In Section 12 the important case where magneto-gravitational modes acquire a (tri-dimensional) spiral
structure with low toroidal mode numbers is treated. The characteristic density profiles are shown to be trailing
spirals and the relevant modes are found to have a radially localized structure. These results anticipate, within
the linear theory, the finding of a ring structure as a solution of the non-linear equations describing stationary
configuration that are rigidly rotating (Section 4). In Section 13 concluding remarks on the obtained results are
given. In particular, considering different factors, such as the need of giving an appropriate representation of
high energy particle populations and that some of the found structures can involve relatively small characteristic
distances, the importance of dealing with phase space and abandoning the limits that a fluid description of the
relevant plasmas entails.

2. Sustaining Factors

The sustaining factor of new characteristic field configurations that can emerge in plasmas in the immediate sur-
roundings of black holes can be identified by applying the eϕ · ∇× operator to the total momentum conservation
equation

ρ
(
∇ΦG −Ω2 R eR

)
= −∇ · P +

1
c

J × B. (2.1)

Here we refer to an axisymmetric plasma configuration, we assume that only a rotation velocity ΩR is present,
R is the distance from the axis of symmetry, ΦG is the gravitational potential and P is the relevant pressure
tensor. Then we consider

P = pI + ∆P, (2.2)

where the non isotropic component ∆P is significant, and we identify the sustaining factor for the relevant
magnetic field configuration as

D ≡ eφ · ∇ ×
[
∇ · (∆P) + ρ

(
∇ΦG −Ω2ReR

)]
in which AN ≡ ∇ · (∆P) adds its influence to that of the gravitational field and rotation. In particular

D '
∂

∂z
ANR −

∂

∂R
ANz

−

(
∂ρ

∂z

) [
RΩ2 −

∂ΦG

∂R

]
− Rρ

∂

∂z
Ω2 −

∂ΦG

∂z
∂ρ

∂R
(2.3)

where R2Ω2 ' ∂ΦG/∂R and we consider

DAN ≡
∣∣∣eφ · ∇ × [∇ · (∆P)]

∣∣∣ ∼ ∣∣∣∣∣∂ΦG

∂z
∂ρ

∂R

∣∣∣∣∣ . (2.4)

For configurations whose height is much smaller than R0 we refer to the following asymptotic expression

ΦG = −
GM∗
√

R2 + z2
' −

GM∗
R

(
1 −

1
2

z2

R2

)

= −RV2
k

(
1 −

1
2

z2

R2

)
(2.5)

where

VK =

(GM∗
R

)1/2
(2.6)

is the Keplerian velocity. Clearly, considering an interval |R − R0| � R0 around R = R0,

ΦG ' −
GM
R0

+
GM∗

R2
0

(R − R0) +
1
2

GM∗
R3

0

z2. (2.7)

The simplest way to avoid having to deal with phase space and to maintain a fluid description is to refer to
plasmas with particle populations that can be described by bi-Maxwellian distributions in momentum space
with two temperatures T‖ and T⊥. In particular we take T‖ to be the prevalent temperature in a given direction
and we assume that the plasma is composed of two populations: a thermal population with an isotropic plasma
pressure p = 2nT , n being the electron density, and a super thermal population with p‖ > p and T‖ > T .
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= −RV2
k

(
1 −

1
2

z2

R2

)
(1.5)

where

VK =

(GM∗
R

)1/2
(1.6)

is the Keplerian velocity. Clearly, considering an interval |R − R0| � R0 around R = R0,

ΦG ' −
GM
R0

+
GM∗

R2
0

(R − R0) +
1
2

GM∗
R3

0

z2. (1.7)

The simplest way to avoid having to deal with phase space and to maintain a fluid description is to refer to
plasmas with particle populations that can be described by bi-Maxwellian distributions in momentum space
with two temperatures T‖ and T⊥. In particular we take T‖ to be the prevalent temperature in a given direction
and we assume that the plasma is composed of two populations: a thermal population with an isotropic plasma
pressure p = 2nT , n being the electron density, and a super thermal population with p‖ > p and T‖ > T .

2. Rigidly Rotating Rings Associated with Non-Thermal Distributions in Momentum Space

We consider a radial interval around R − R0 within which the rotation frequency Ω (R) ' Ω0 in the sense that
|(R/Ω) dΩ/dR| � 1. Referring to plasmas with two particle populations as indicated earlier.

P = pI +
(
p‖ − p

)
e‖e‖. (2.1)

An important special case to analyze is that for which the pressure anisotropy is connected with the direc-
tion of the magnetic field. Thus

∆P =
(
p‖ − p

) BB
B2 . (2.2)

Another case is that for which the anisotropy is connected with the direction of the rotation velocity, that is
∆P =

(
p‖ − p

)
eφeφ. In this case if we consider an axisymmetric configuration we have

∇ · (∆P) = −
(
p‖ − p

) 1
R

eφ. (2.3)

In the former case, referring to axisymmetric configurations and defining

¯̄p =
4π
B2

(
p‖ − p

)
(2.4)

we find that

∇ · (∆P) =
1

4π
B · ∇

( ¯̄pB
)
. (2.5)

Therefore

−∇ · P +
1
c

J × B =

−∇

(
p +

B2

8π

)
+

1
4π

B ·
[(

1 − ¯̄p
)

B
]

(2.6)

where B is represented by

B =
1
R

[
∇ψ × eφ + I (ψ, z) eφ

]
(2.7)

and ψ (R, z) is the familiar magnetic surface function as B · ∇ψ = 0
In this case the Master Equation that we use, together with the vertical component of Eq. (1.1), to identify

stationary plasma and field configurations is

eφ · {∇ρ × ∇ΦG − ∇ × (ρΩReR)}

'
1

4π
eφ ·

{
∇ ×

[
B · ∇

((
1 − ¯̄p

)
B
)]}
. (2.8)

Then, for radially localized configurations, we consider a special class of solutions for which ψ can be repre-
sented by
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= −RV
2
k

�
1 − 1

2
z

2

R2

�
(1.5)

where

VK =
�
GM∗

R

�1/2
(1.6)

is the Keplerian velocity. Clearly, considering an interval |R − R0| � R0 around R = R0,

ΦG � −
GM

R0
+

GM∗
R

2
0

(R − R0) +
1
2

GM∗
R

3
0

z
2. (1.7)

The simplest way to avoid having to deal with phase space and to maintain a fluid description is to refer to
plasmas with particle populations that can be described by bi-Maxwellian distributions in momentum space
with two temperatures T� and T⊥. In particular we take T� to be the prevalent temperature in a given direction
and we assume that the plasma is composed of two populations: a thermal population with an isotropic plasma
pressure p = 2nT , n being the electron density, and a super thermal population with p� > p and T� > T .

2. Rigidly Rotating Rings Associated with Non-Thermal Distributions in Momentum Space

We consider a radial interval around R − R0 within which the rotation frequency Ω (R) � Ω0 in the sense that
|(R/Ω) dΩ/dR| � 1. Referring to plasmas with two particle populations as indicated earlier.

P = pI +
�
p� − p

�
e�e�. (2.1)

An important special case to analyze is that for which the pressure anisotropy is connected with the direc-
tion of the magnetic field. Thus

∆P =
�
p� − p

� BB
B2 . (2.2)

Another case is that for which the anisotropy is connected with the direction of the rotation velocity, that is
∆P =

�
p� − p

�
eφeφ. In this case if we consider an axisymmetric configuration we have

∇ · (∆P) = − �p� − p
� 1

R
eφ. (2.3)

In the former case, referring to axisymmetric configurations and defining

¯̄p =
4π
B2
�
p� − p

�
(2.4)

we find that

∇ · (∆P) = 1
4π

B · ∇ � ¯̄pB
�
. (2.5)

Therefore

−∇ · P + 1
c

J × B =

−∇
�
p +

B
2

8π

�
+

1
4π

B · ��1 − ¯̄p
�

B
�

(2.6)

where B is represented by

B = 1
R

�
∇ψ × eφ + I (ψ, z) eφ

�
(2.7)

and ψ (R, z) is the familiar magnetic surface function as B · ∇ψ = 0
In this case the Master Equation that we use, together with the vertical component of Eq. (1.1), to identify

stationary plasma and field configurations is

eφ · {∇ρ × ∇ΦG − ∇ × (ρΩReR)}

� 1
4π

eφ ·
�∇ × �B · ∇ ��1 − ¯̄p

�
B
���
. (2.8)

Then, for radially localized configurations, we consider a special class of solutions for which ψ can be repre-
sented by



 
 

 
 
 
 
 

 



 
 



 
 
 

 



Solitary Ring Solution (cont.)

Figure: Graphical representation of the magnetic surfaces for the configuration
corresponding to Eq. (38). The curve with dotted heavy lines indicates the single ring
density profiles represented by Eq. (39) for ∆2

R/∆
2
z = 1/10.
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that is

p � 1
2
Ω2

0∆
2
z
ρh − B

2

8π
. (3.13)

Clearly, the expression (3.11) for ∆ρ is the same as the approximate solution of Eq. (3.8).
At this point we may assume, for the sake of simplicity, that ¯̄p � ¯̄p0 exp

�
−
�
3∆2

R
R

2
∗/∆

2
z

��
. Thus

∆ρ �
� ¯̄p0 − 1

�

4πΩ2
0∆

2
z R

2
0




�
∂ψ

∂R

�2
− ψd

2ψ

∂R2


 (3.14)

and if we take

ψ∗ � (sin R∗) exp
�
−σ

2
R

2
∗

�
(3.15)

we obtain

∆ρ �
� ¯̄p0 − 1

�
B

2
N

4πΩ2
0∆

2
z

exp
�
−σR

2
∗ − z̄

2
� �

1 + σsin2
R∗
�

(3.16)

where

3
∆2

R

∆2
z

< σ < 1. (3.17)

It is evident that Eq. (3.16) represents a ring configuration that emerges when p� > p + B
2
�
(4π).

We notice that no seed magnetic field needs to be introduced in order to find plasma and field configurations
of the type we have considered. Thus we may argue that the emergence of these configurations is the result of
collective modes which greatly amplify magnetic fields until the magnetic pressure becomes of the order of the
gravitationally confined plasma pressure.

4. Plasma Collective Modes

An issue to be dealt with is whether the presence of high energy particle populations with non-Maxwellian
distributions can have a significant influence on the modes that can be excited in plasma disks surrounding
black holes. The interest in these modes, identified as Magneto-Gravitational Modes as they depend on both
gravity and the related differential rotation, is that they lead to a strong amplification of the seed magnetic field
in which the original unperturbed disks are imbedded, and produce ring structures of the kind that can be found
as non linear solutions of the equations for stationary plasma and field configurations surrounding a black hole.
Another important feature of these modes is that they can transport angular momentum in the outward direction
and, as is well known, this is a necessary process for the occurance of accretion onto the central black hole.

The tri-dimensional geometry of the rings that are shown to emerge from an axisymmetric disk and that
involve rotating and trailing density spirals lend themselves to be a well founded candidate for the so-called
Quasi Periodic Oscillations of the X-ray emission from galactic black holes.

5. Currentless Disk and Relevant Perturbations

The plasma configuration that is considered for the excitation of the most elementary modes is the classical
axisymmetric disk inbedded in a seed vertical magnetic field and in which no current is present. The only flow
velocity present is the Keplerian rotation around the axis of symmetry. The vertical equilibrium condition, is
for B = Bez with B=const over the height of the disk,

Ω2
k
ρz = −∂p�

∂z
. (5.1)

The rotation frequency is about constant over the height of the disk and given by

Ωk =
�
GM∗

R3

�1/2
(5.2)

where M∗ is the mass of the black hole in the center of the disk as we refer to radial distances R � H, where

H
2 ∼ p�
ρΩ2

k

. (5.3)
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7. Derivation of the Dispersion Equation

We consider the poloidal component of the total momentum conservation equation

ρ
∂v̂
∂t
−

1
4π

(
B̂ · ∇B + B · ∇B̂

)
+ ∇

(
p̂ +

B̂ · B̂
4π

)
+ ∇ · (∆P)

+ρ̂∇φG + ρ (v̂ · ∇v + v · ∇v̂) + ρ̂ (v · ∇v) = 0. (7.1)

where

∇ · P̂ = B̂ · ∇
[(

p‖ − p
)

B
]
+ B · ∇

[(
p̂‖ − p̂

)
B +

(
p‖ − p

)
B̂
]
. (7.2)

Then we apply the eφ · ∇× operator on Eq. (7.1) and obtain

∂

∂z

{
ρ
(
γ2

0ξ̂R − 2Ωkv̂φ
)
−

B2

4π
(
1 − ¯̄p

) ∂2

∂z2 ξ̂R

}

−
∂

∂R

{
ργ2

0ξ̂z + zΩ2
k ρ̂ −

B2

4π
∂2

∂z2 ξ̂z +
(
p‖ − p

) ∂2

∂z2 ξ̂z

}
' 0 (7.3)

No if we consider |1/kR|
2|∂/∂z|2 � 1 we obtain, for |ξ̂R| > (γ0/Ωk) |ξ̂φ|,(

ρΩ2
D
∂2

∂z2 ξ̂z

)
1
kR

+ kR

{
γ2

0ρξ̂z + zΩ2
κ ρ̂ +

[(
p‖ − p

)
−

B2

4π

]
∂2ξ̂z

∂z2

}
' 0. (7.5)

Moreover, if we refer to incompressible modes, such that |∇ · ξ̂| < ∆z|ξ̂z|/H2
0 corresponding to ρ̂ ' −2zξ̂zρ0/H2

0 ,
we obtain the dispersion equationc2
‖

+
1
k2

R

Ω2
D − v2

A

 d2

dz2 ξ̃z − 2Ω2
k

z2

H2
0

ξ̃z + γ2
0ξ̃z = 0. (7.6)

We define

¯̄v2 ≡ c2
‖

+
Ω2

D

k2
R

− v2
A (7.7)

and consider the limit where

¯̄v2
∼ Ω2

k
∆4

z

H2
0

∼
p
ρ

∆4
z

H4
0

(7.8)

and ∆4
z < H2

0 . Then the solution of Eq. (7.6) is ξ̃z = ξ̃z0 exp
[
−z2

/ (
2∆2

z

)]
where

¯̄v2

∆4
z

=
2Ω2

k

H2
0

and
¯̄v2

∆2
z

= γ2
0. (7.9)

Consequently

∆z =

(
1
√

2
H0

¯̄v
Ωz

)1/2

< H0 (7.10)

for ¯̄v < ΩkH0, and

γ0 '

( ¯̄v
H0

Ωk
√

2

)1/2

< Ωk. (7.11)

It is evident that the pressure anisotropy has a strong effect on the modes that can be excited. This conclusion
remains valid if we consider the special case where ρ̂/ρ0 is given by Eq. (6.9) and DN is positive (i.e. relatively
weak temperature gradients).
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7. Derivation of the Dispersion Equation

We consider the poloidal component of the total momentum conservation equation

ρ
∂v̂
∂t
− 1

4π

�
B̂ · ∇B + B · ∇B̂

�
+ ∇
�
p̂ +

B̂ · B̂
4π

�
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where
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�

B
�
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��
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�
B +
�
p� − p

�
B̂
�
. (7.2)
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∂

∂z

�
ρ
�
γ2

0ξ̂R − 2Ωkv̂φ
�
− B

2

4π
�
1 − ¯̄p

� ∂2

∂z2 ξ̂R

�

− ∂
∂R

�
ργ2

0ξ̂z + zΩ2
k
ρ̂ − B

2

4π
∂2

∂z2 ξ̂z +
�
p� − p

� ∂2

∂z2 ξ̂z

�
� 0 (7.3)

where we have neglected |p̂� − p̂| relative to |p� − p| |∂ξ̂z/dz|,

2Ωkv̂φ = −2RΩk

dΩk

dR
ξ̂R + 2Ωkγ0ξ̂φ ≡ Ω2

D
ξ̂R + 2Ωkγ0ξ̂φ (7.4)

and ξ̂R � (i/kR) ∂ξ̂z/∂z.
Now if we consider |1/kR|2|∂/∂z|2 � 1 we obtain, for |ξ̂R| > (γ0/Ωk) |ξ̂φ|,

�
ρΩ2

D

∂2

∂z2 ξ̂z

�
1
kR

+ kR

�
γ2

0ρξ̂z + zΩ2
κ ρ̂ +

�
�
p� − p

� − B
2

4π

�
∂2ξ̂z
∂z2

�
� 0. (7.5)

Moreover, if we refer to incompressible modes, such that |∇ · ξ̂| < ∆z|ξ̂z|/H2
0 corresponding to ρ̂ � −2zξ̂zρ0/H2

0,
we obtain the dispersion equation

c2
� +

1
k

2
R

Ω2
D
− v2

A




d
2

dz2 ξ̃z − 2Ω2
k

z
2

H
2
0
ξ̃z + γ

2
0ξ̃z = 0. (7.6)

We define

¯̄v2 ≡ c2
� +
Ω2

D

k2
R
− v2

A (7.7)

and consider the limit where

¯̄v2 ∼ Ω2
k

∆4
z

H
2
0
∼ p

ρ

∆4
z

H
4
0

(7.8)

and ∆4
z
< H

2
0. Then the solution of Eq. (7.6) is ξ̃z = ξ̃z0 exp

�
−z

2
� �

2∆2
z

��
where

¯̄v2

∆4
z

=
2Ω2

k

H
2
0

and
¯̄v2

∆2
z

= γ2
0. (7.9)

Consequently

∆z =

�
1√
2

H0
¯̄v
Ωz

�1/2
< H0 (7.10)

for ¯̄v < ΩkH0, and

γ0 �
� ¯̄v

H0

Ωk√
2

�1/2
< Ωk. (7.11)

It is evident that the pressure anisotropy has a strong effect on the modes that can be excited. This conclusion
remains valid if we consider the special case where ρ̂/ρ0 is given by Eq. (6.9) and DN is positive (i.e. relatively
weak temperature gradients).
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8. Comprehensive Dispersion Equation

Now we take the Fourier transform of Eq. (7.3), combine it with Eq. (6.15) and use the expression (6.6) for ρ
to arrive at the following dispersion equation

0 � γ2
0ξ̃zk + κ

2




v2
A
− c

2
� −

1
k

2
R


Ω

2
D
− 4Ω2

k

γ2
0

γ2
0 + κ

2
�
v2

A
− c

2
�
� − γ2

0


 +
κ2

k
2
R

�
v2

A
− c

2
�
�


ξ̃zk

+Ω2
k

DN

H
2
0

d

dκ
ξ̃zk � 0 (8.1)

where ξ̃zk ≡ ξ̃zk (κ). Then we can verify the limits within which the transform of Eq. (7.6) can be obtained. It is
evident that when c

2
� > v2

A
a singularity appears in Eq. (8.1) and this has to be dealt with properly.

9. Quadratic Form

In order to identify the factors that can contribute to the instability
�
γ2

0 > 0
�

of the considered mode we derive
a quadratic form from Eq. (8.1) by taking the integral

� +∞

−∞
dκξ̃∗

zk



γ2

01 +
κ2

k
2
R


1 + 4

Ω2
k

γ2
0 + κ

2
�
v2

A
− c

2
�
�


ξ̃zk + κ

2v2
A
c�

2 −
Ω2

D

k
2
R

+
κ2

k
2
R

�
v2

A
− c

2
�
�
ξ̃zk + Ω

2
k

DN

H
2
0

d
2

dκ2
ξ̃zk



= 0.(9.1)

Considering bound solutions we have

γ2
0

�


1 +
κ2

k
2
R


1 +

4Ω2
k

γ2
0 + κ

2
�
v2

A
− c

2
�
�







���ξ̃zk

���2
�

�
�

Ω2

D

k
2
R

+ c
2
�


1 +

κ2

k
2
R


 − v2

A


1 +

κ2

k
2
R





 κ

2
���ξ̃zk

���2
�

+Ω2
k

DN

H
2
0

������
d

dκ
ξ̃zk

�����
2�

(9.2)

where �� =
� +∞
−∞ dκ. Then we can see that when c

2
� > v2

A
a new instability driving factor in addition to Ω2

D
is

introduced.

10. Quasi-Linear Momentum Flux

ΓJ

R
�
��

ûR

�
V0 + v̂∗φ

� �
n0 + n̂

∗��� + c.c. (10.1)

= γ0
��
ξ̂R
�
VR + n0v̂∗φ + V0n̂

∗��� + c.c. (10.2)

Thus

R0Γ
J

R
� γ0n

��
−2
�
R

2
0

dΩR

dR

� ���ξ̂R
���2 +

R0

Ω0



�
c

2
� − v2

A

� ������
dξ̂φ
dz

������

2

− γ2
0

���ξ̂φ
���2



��
(10.3)

and we see that c
2
� > v2

A
a novel contribution to the flux of angular momentum has to be added to the expected

quasi-linear expression for ΓJ

R
.
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8. Comprehensive Dispersion Equation

Now we take the Fourier transform of Eq. (7.3), combine it with Eq. (6.15) and use the expression (6.6) for ρ
to arrive at the following dispersion equation

0 ' γ2
0ξ̃zk + κ2

v2
A − c2

‖
−

1
k2

R

Ω2
D − 4Ω2

k

γ2
0

γ2
0 + κ2

(
v2

A − c2
‖

) − γ2
0

 +
κ2

k2
R

(
v2

A − c2
‖

) ξ̃zk

+Ω2
k

DN

H2
0

d
dκ
ξ̃zk ' 0 (8.1)

where ξ̃zk ≡ ξ̃zk (κ). Then we can verify the limits within which the transform of Eq. (7.6) can be obtained. It is
evident that when c2

‖
> v2

A a singularity appears in Eq. (8.1) and this has to be dealt with properly.

9. Quadratic Form

In order to identify the factors that can contribute to the instability
(
γ2

0 > 0
)

of the considered mode we derive
a quadratic form from Eq. (8.1) by taking the integral

∫ +∞

−∞

dκξ̃∗zk

γ2
01 +

κ2

k2
R

1 + 4
Ω2

k

γ2
0 + κ2

(
v2

A − c2
‖

) ξ̃zk + κ2v2
Ac‖2 −

Ω2
D

k2
R

+
κ2

k2
R

(
v2

A − c2
‖

)
ξ̃zk + Ω2

k
DN

H2
0

d2

dκ2 ξ̃zk

 = 0.(9.1)

Considering bound solutions we have

γ2
0

〈1 +
κ2
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1 +
4Ω2

k

γ2
0 + κ2

(
v2

A − c2
‖

) 
 ∣∣∣ξ̃zk

∣∣∣2〉

'

〈Ω2
D

k2
R

+ c2
‖

1 +
κ2

k2
R

 − v2
A

1 +
κ2

k2
R

 κ2
∣∣∣ξ̃zk

∣∣∣2〉

+Ω2
k

DN

H2
0

〈∣∣∣∣∣ d
dκ
ξ̃zk

∣∣∣∣∣2〉 (9.2)

where 〈〉 =
∫ +∞

−∞
dκ. Then we can see that when c2

‖
> v2

A a new instability driving factor in addition to Ω2
D is

introduced.

10. Quasi-Linear Momentum Flux

ΓJ
R '

〈〈
ûR

(
V0 + v̂∗φ

) (
n0 + n̂∗

)〉〉
+ c.c. (10.1)

= γ0
〈〈
ξ̂R

{
VR + n0v̂∗φ + V0n̂∗

}〉〉
+ c.c. (10.2)

Thus

R0ΓJ
R ' γ0n

〈〈
−2

(
R2

0
dΩR

dR

) ∣∣∣ξ̂R
∣∣∣2 +

R0

Ω0

(c2
‖
− v2

A

) ∣∣∣∣∣∣dξ̂φdz

∣∣∣∣∣∣
2

− γ2
0

∣∣∣ξ̂φ∣∣∣2〉〉 (10.3)

and we see that c2
‖
> v2

A a novel contribution to the flux of angular momentum has to be added to the expected
quasi-linear expression for ΓJ

R.
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11. Tridimensional Solitary Ring Configurations

Tridimensional solitary ring configurations have been found to emerge, on the basis of a linearized perturbation
theory, from currentless plasma disks according to the theory presented in Coppi (2009). Here we find that
the presence of a temperature anisotropy can have a significant influence on the tridimensional (spiral modes)
that are found following the same kind of analysis as that for axisymmetric modes described in the previous
sections. Now we take mφ � 0 and, referring to Eq. (5.4) we consider relatively low values of mφ, such that

γ0 > mφ

����
dΩ

dR

����
����R − R0

����. (11.1)

Thus, defining γT ≡ γ0 + imφ (dΩ/dR) (R − R0) ≡ γ0 + i∆ω,

γ2
T
� γ2

0 + i2γ0∆ω (11.2)

Moreover

∂2

∂R2 � −k
2
R
+ i2kR

1
F

dF

dR
. (11.3)

Then with these approximations we find

ξ̃z � ξ̃z0 exp
�
− z

2

2∆2
z

�
F (R − R0)

�
sin
�
kR (R − R0) − mφ (Ω0t + φ)

�
exp (γ0t)

�
(11.4)

where

F � exp

−

(R − R0)2

2∆2
R


 . (11.5)

and
1
∆2

R

= −mφ

γ0

dΩ

dR
kRG0 (11.6)

where, referring to the quadratic form Eq. (9.2),

G0 ≡
γ2

0

�
|ξ̃zk|2
�
−Ω2

k

�
DN/H2

0

� �
|dξ̃zk/dκ|2

�
+
�
v2

A
− c

2
�
� �
κ2|ξ̃zk|2

�

γ2
0

��
|ξ̃zk|2
�
+ 4
�
Ω2/k2

R

� �
v2

A
− c

2
�
� �

κ4 |ξ̃zk |2�
γ2

0+κ
2
�
v2

A
−c

2
�
��2

�� . (11.7)

Clearly, we require that

mφ
dΩ

dR
kRG0 < 0 (11.8)

a condition that, for G0 > 0, corresponds to trailing spirals. In particular, we see that the dependence of ξ̃z on z

and R − R0 is very similar to that of ψ for the configurations treated as an example in Section 3.
When considering the stationary configurations that can be identified by a nonlinear analysis, we may refer

again to the rings obtained in the rigid rotor limit. Then we can extend the relevant analysis by taking, for
instance,

B = 1
R

�
∇ψ × eφ +

αφ
∆z

ψeφ
�
+ ∆Bp (11.9)

where

ψ = ψN exp
�
− z̄

2

2
− R

2
∗

�

sin
�
R∗ − mφ (Ω0t − φ)

�
, (11.10)

mφ is a relatively low number, and

∇ ·
�
∆Bp

�
+ αφψN

mφ

∆zR
2
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ABSTRACT

The radiation emission from Shining Black Holes is most frequently observed to have non thermal features. Therefore,
it is appropriate to consider relevant collective processes of plasmas surrounding black holes and containing high energy
particles with non-thermal distributions in momentum space. The relevant subjects that are dealt with are: a) the existence
and characteristics of stationary plasma and field configurations; b) the excitation of magneto-gravitational modes driven
by temperature anisotropies and differential rotation; c) the generation of magnetic fields over macroscopic scale distances.
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1. Introduction

This paper is organized as follows. In Section 2, the presence of particle populations with non-thermal distri-
butions in momentum space, in plasmas surrounding black holes, is represented dealing with plasmas having
Maxwellian distributions with anisotropic temperatures in order to retain the possibility to use fluid equations.
The importance of the temperature anisotropy as a sustaining factor for new axisymmetric field configurations
is pointed out. In Section 3, one of the two basic non-linear equations (the Master Equation) that relate the
particle density spatial distribution to the plasma pressure and to the relevant magnetic surface function, for
axisymmetric stationary configurations, is derived. Moreover, the forms that the pressure anisotropy may take
are discussed referring to the toroidal (azimuthal) direction or to that of the magnetic field. In this context the
longitudinal pressure is taken to be larger than the transverse pressure, the latter being associated with a well
thermalized particle population.

In Section 4 a new Solitary Plasma Ring configuration is identified as a significant example of those that
can be found when the longitudinal pressure associated for instance with a high energy particle population,
referring to the direction of the magnetic field, is prevalent and the rotation frequency is about constant over the
(radial) width of the ring. The fact that the theory of these configuration does not depend on pre-existing seed
magnetic field associated with currents external to these configurations is emphasized together with the fact that
the magnetic field pressure is of the order of the plasma pressure. Thus the emergence of these configurations
can be associated with that of magnetic fields by the combined effects of gravity and pressure anisotropy.
We note that the magnetic field geometry associated with the Solitary Ring Configuration mentioned earlier
involves two oppositely directed current channels.

In Section 5 the importance of Magneto Gravitational Modes is discussed. These modes can be excited
from a currentless standard disk with the main driving factors being the pressure anisotropy

(
p‖ > p⊥

)
and

the differential rotation within the disk. The presence of a seed magnetic field is required. These modes can
be envisioned to reduce the rate of differential rotation and to produce a large amplification of the magnetic
field by the currents associated with them. Thus they can be regarded as candidates for the formation of the
kind of stationary configurations analyzed in Section 4. In Section 6 the analytical form of the tridimensional
modes that can be excited is given. In Section 7 the linearized equations that are used in the theory of the
relevant magneto gravitational modes are introduced. In Section 8 the simplest significant dispersion equation
is derived showing the combination of driving factors (gravity, pressure anisotropy, differential rotation and
density gradient) that the relevant modes involve. In Section 9 a more complete form of the mode dispersion
equation is given and in Section 10 the associated quadratic form (in the mode amplitude) is given. This can
be used to assess the mode growth rate under more general conditions than those considered in Section 8. In
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Section 11 a relatively simple expression is derived for the quasi linear angular momentum transport equation
connected to the theory of the considered modes.

In Section 12 the important case where magneto-gravitational modes acquire a (tri-dimensional) spiral
structure with low toroidal mode numbers is treated. The characteristic density profiles are shown to be trailing
spirals and the relevant modes are found to have a radially localized structure. These results anticipate, within
the linear theory, the finding of a ring structure as a solution of the non-linear equations describing stationary
configuration that are rigidly rotating (Section 4). In Section 13 concluding remarks on the obtained results are
given. In particular, considering different factors, such as the need of giving an appropriate representation of
high energy particle populations and that some of the found structures can involve relatively small characteristic
distances, the importance of dealing with phase space and abandoning the limits that a fluid description of the
relevant plasmas entails.

2. Sustaining Factors

The sustaining factor of new characteristic field configurations that can emerge in plasmas in the immediate sur-
roundings of black holes can be identified by applying the eϕ · ∇× operator to the total momentum conservation
equation

ρ
(
∇ΦG −Ω2 R eR

)
= −∇ · P +

1
c

J × B. (2.1)

Here we refer to an axisymmetric plasma configuration, we assume that only a rotation velocity ΩR is present,
R is the distance from the axis of symmetry, ΦG is the gravitational potential and P is the relevant pressure
tensor. Then we consider

P = pI + ∆P, (2.2)

where the non isotropic component ∆P is significant, and we identify the sustaining factor for the relevant
magnetic field configuration as

D ≡ eφ · ∇ ×
[
∇ · (∆P) + ρ

(
∇ΦG −Ω2ReR

)]
in which AN ≡ ∇ · (∆P) adds its influence to that of the gravitational field and rotation. In particular

D '
∂

∂z
ANR −

∂

∂R
ANz

−

(
∂ρ

∂z

) [
RΩ2 −

∂ΦG

∂R

]
− Rρ

∂

∂z
Ω2 −

∂ΦG

∂z
∂ρ

∂R
(2.3)

where R2Ω2 ' ∂ΦG/∂R and we consider

DAN ≡
∣∣∣eφ · ∇ × [∇ · (∆P)]

∣∣∣ ∼ ∣∣∣∣∣∂ΦG

∂z
∂ρ

∂R

∣∣∣∣∣ . (2.4)

For configurations whose height is much smaller than R0 we refer to the following asymptotic expression

ΦG = −
GM∗
√

R2 + z2
' −

GM∗
R

(
1 −

1
2

z2

R2

)

= −RV2
k

(
1 −

1
2

z2

R2

)
(2.5)

where

VK =

(GM∗
R

)1/2
(2.6)

is the Keplerian velocity. Clearly, considering an interval |R − R0| � R0 around R = R0,

ΦG ' −
GM
R0

+
GM∗

R2
0

(R − R0) +
1
2

GM∗
R3

0

z2. (2.7)

The simplest way to avoid having to deal with phase space and to maintain a fluid description is to refer to
plasmas with particle populations that can be described by bi-Maxwellian distributions in momentum space
with two temperatures T‖ and T⊥. In particular we take T‖ to be the prevalent temperature in a given direction
and we assume that the plasma is composed of two populations: a thermal population with an isotropic plasma
pressure p = 2nT , n being the electron density, and a super thermal population with p‖ > p and T‖ > T .
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Locally Rigid Rotor Configurations 
The Locally Rigid Rotor configurations we consider are localized over a radial scale 

distances !R < R0 . In particular, for these configurations 

V! =  "0R   where  !0 " !k R = R0( ) . 
Then 

!0R = " vB# +! $( )R  

 

where  !" #V( ) = 0   implies that  ! v" = G #( )  and 

B! = "0 #" $( )%& '(
R)
G $( )  . 

We note that in this class of configurations a seed magnetic field is not required. 

Clearly, the simplest case to analyze is that with B! =  0  and ! "( ) =!0 . Then 

B = 1
R
!" # e$ . 




