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Astrophysical context



Context

• Molecular cloud collapses.

• A disk-shaped “nebula”

+ a new star is formed.

• Dust grains merge

and form the first planet cores

(progenitors of Super Earths or Giant

planets).

• Accretion of gas.

• Disk disperses after a few Myr.

• Rocky planets are believed to form

during the final stages of the disk.

• Dynamical relaxation of the system.

Credit: Bill Saxton, NRAO/AUI/NSF
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Solar System

Credit: The International Astronomical Union/Martin Kornmesser
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Planets perturb the disk in which they form

When a planet core becomes “large”

its gravitational field exerts a force onto the system

(gas, dust, other cores, other stars, ...).

Third Newton’s law:

If the protoplanet accelerates the disk, the reaction to this force (exerted

by the disk) accelerates the planet as well.

The study of the magnitude, sign and effects of this force

(i.e. the planet-disk interaction) is key in order to understand the

architecture of planetary systems.

It leads to the process known as planet migration.
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Do we have observational evidence of this interaction?

PDS70 - Müller et al. (2018)
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But not only planets generate spirals

Just keep in mind that spirals are mostly related to the Keplerian shear
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Mean motion resonances in multi-planetary systems

Goldreich & Schlichting (2014)
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Observational evidence?

7 planets in chain of (near) mean motion resonances.

NASA/JPL-Caltech

See e.g. Ormel et al. (2017)
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Do we have evidence of

planet migration

in the Solar System?
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Do we have evidence of migration in our Solar System?

Walsh et al. (2011), see also Morbidelli & Raymond (2016)

Small Mars problem (see Hansen 2009, Raymond et al. 2009)

Grand tack hypothesis (see Walsh et al. 2011)
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Do we have evidence of migration in our Solar System?

Saturn moonlets

Cassini mission

See e.g. Crida et al. (2010).

11



Physical model



Different forces and physical processes
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Physical model

• Most of the mass in the system

is in gaseous form.

• Temperature and pressure

gradients are important.

• Partially ionized - Magnetic

fields can play an important role

in the dynamics of the system.

• Radiative processes are also

important.

Credit: NASA/JPL-Caltech

The system is generally described by the

R-MHD + dust dynamics equations.
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Example

Ideal MHD equations

∂ρ

∂t
+∇ · (ρv) = 0

∂v

∂t
+ v · ∇v = −∇P

ρ
−∇Φ +

(∇× B)× B

µ0ρ
+
∇ · T
ρ

∂B

∂t
= ∇× (v × B− η∇× B)

∂e

∂t
= −P∇ · v

• A relation between P, ρ and e (EOS) is needed.

• Φ is the potential of the star and planets.
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Naive model

We need “realistic” initial and boundary conditions (i.e. a disk model).

Σ(R) = Σ0

(
R

R0

)α

T (R) = T0

(
R

R0

)β
MMSN model (see

Weidenschilling 1977 -

Hayashi 1981).

• Vertical hydrostatic equilibrium:

ρ(R, z) ' Σ√
2πH

e−z2/2H2

h ≡ H

R
=

cs
vK
� 1

• A (sub) Keplerian disk:

Ω(r) ' ΩK

[
1 +

1

2

(
H

R

)2(
α + β +

β

2

( z

H

)2
)]2
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Torque and migration

The total angular momentum of a planet of mass mp orbiting a star of

mass M? at a distance rp (in circular orbit) is:

L ' mpΩKr
2
p

Torque

Γ ≡ dL

dt
= 2mprp

(
ΩK +

2

r

dΩK

dr

∣∣∣∣
rp

)
dr

dt

Planet migration
dr

dt
=

(
2

mprpΩK

)
Γ

In practice we need to consider both the

torque and work made by planet (or the disk).
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Linear theory



Linear theory

Important insight is obtained by studying the linear response of the disk

(see e.g. Goldreich & Tremaine 79,80 - Meyer-Vernet & Sycadry 89 -

Artymowicz 93 - Korykansky & Pollack 93 - Ward 97 - Tanaka et al. 02):

Φp(r , ϕ, t) =
∑
m

Φm(r)e im(ϕ−Ωpt)

In steady-state, when pressure perturbations are not considered, the

system behaves as a forced harmonic oscillator:

d2x

dt2
+ ω2

0x = cos (ωt) → A =
1

|ω − ω0|

where the resonances correspond to the so-called

• Lindbald resonances → Ω2 −m2 (Ω− Ωp)2 = 0

• Corotation resonance → Ω− Ωp = 0.
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Linear theory

1.5 1.0 0.5 0.0 0.5 1.0 1.5
X/rp

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

Y/
r p

21



Linear theory

However, pressure (and any other carrier of waves) adds dissipation at

the Lindblad resonances:

d2x

dt2
+ ξω0

dx

dt
+ ω2

0x = cos (ωt)

A =
1√

(ω − ω0)2 + ξ2ω2ω2
0

ω

A

ω0

... and we obtain finite amplitudes (and a well-behaved problem).

22



Important results from linear theory

Tanaka et al. (2002) show that, for a 3D globally isothermal disk,

the “linear” Lindblad and corotation torques are:

ΓL = − (2.3 + 0.1α)

(
mp

M?

)2

Σpr
4
pΩ2

ph
−2

ΓC = 0.6

(
3

2
+ α

)(
mp

M?

)2

Σpr
4
pΩ2

ph
−2

The coefficients can vary, pay attention to the scaling law.

See also D’Angelo & Lubow (2010).
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Important results from linear theory

• The system is singular at the Lindblad resonances and regularized

when propagation mechanisms are included.

• The response of the system at the resonance (i.e. harmonic

oscillator) depends on the physics of the transporting mechanisms

(e.g. pressure, viscosity, self-gravity, etc).

• The total torque (in linear regime) is not sensitive to the physics of

the propagation.
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Important results from linear theory

• Waves launched by the planet (at the resonances) carry energy &

angular momentum.

• These quantities are extracted from the planet (by the gas)

and deposited/redistributed in the disk from the resonances

(dissipation).

• This mechanism is the driver of planet migration.

• For reasonable disk models, the sum of the linear Lindblad and

Corotation linear torques produces inward migration.
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Torque from first principles

The torque can also be computed as (both in linear and non-linear regime):

Γp→d = −
∫
V

r × Fp→ddV =

∫
V

ρr ×∇ΦpdV

• The torque is only produced by mass distribution.

• The mass distribution depends on the redistribution processes operating in

the disk.

Remember: torque is not directly produced by waves

waves are the response of the disk to the torque.
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Example of this interaction (pressureless case)

Saturn moonlets

Cassini mission
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Example of this interaction (pressure case)

(Benitez-Llambay (2015)) Top: Numerical simulation (FARGO3D).

Bottom: Spiral wake derived by Ogilvie & Lubow (2002).

• PPDs support wave propagation.

• The effect of the pressure is to

propagate (sound) waves within

the disk (launched at the

resonances).

• The spiral wake can be interpreted

as the constructive interference of

the waves launched at the

Lindblad resonances (Ogilvie &

Lubow 2002).

• Saturn rings are obtained in the

limit of a cold disk.
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Non-linear calculations



Disk tides and torques source

As in linear theory, two main sources of torque are recognized

Global perturbations Local perturbations
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Disk tides and torques source

Global perturbations

Fixed frame Rotating frame

This is the source of the so-called Differential Lindblad Torque.
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Disk tides and torques source

Local perturbations

Fixed frame Rotating frame Horseshoe orbits

This is the source of the so-called Horseshoe drag.
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Disk tides and torques source

Lindblad torque - Global (-)

• Typically dominant over the

co-orbital torques.

• Does not depend on the physics

of the disk.

Coorbital torque - Local (+)

• Locally strong

• Strongly dependent on the

physics in the disk:

• Gradients of intensive

quantities (temperature,

density, vortensity, ...)
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Fast inward migration problem

Planet migration is usually fast.

In order to reproduce the observed distribution of planets, mechanisms

able to slow down the migration rate are needed.

Basic idea

Cossou et al. (2014) 32



Understanding coorbital torques

is crucial to correctly describe

the migration history of planets.
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Migration regimes



Horseshoe orbits

No pressure case
dv

dt
= −∇φ∗ −∇φp

Pressure case

dv

dt
= −∇φ∗−∇φp−

∇P
ρ
→ −∇φeff
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Horseshoe semi width

• The width of the horseshoe region scales not only with the mass of

the planet, but also with the temperature of the disk.

• For small mass planets

xs ∝ rp (q/h)1/2

• For massive planets

xs ∝ rp (q/3)1/3

This is basically because the

gas is affected by different

effective potentials.

Paardekooper & Papaloizou (2009).

See also Masset et al. (2006), Jimenez & Masset (2017).
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Libration time

The width of the horseshoes induces an important timescale in the

system: the libration timescale, defined as the period of a particle located

at a distance xs � 1 from the planet:

τHS =
8πap

3Ωpxs

Effects on timescales longer than this timescale have little impact on the

horseshoes.
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Migration regimes

Planet migration is usually divided into different types, which are closely

related to the libration timescale compared to some other time in the

system, and the temperature of the disk:

• Type I: Low-mass planets - Libration timescale longer than viscous

timescales.

• Type II: High-mass planets - Libration timescale shorter or equal

than viscous timescales.

• Runaway migration or type III: Depends on the drift speed. It

usually appears for masses in the transition between type I and type

II - Libration timescale order of the drift timescale.
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Type I migration

• Migration is well described by

linear calculations when the

corotation torque remains

“linear”, i.e. before the horseshoe

orbits develop.

• Migration speed scales with the

mass of the planet.

• Coorbital torques are key to

compensate Lindblad torques.

Problem: saturation

Finite viscosity needed to keep the

coorbital torque active

Kley & Nelson (2012)
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Saturation

Problem: saturation

Balmforth & Korycansky (2001)

Different horseshoe orbits have different periods, so a “closed” libration

region get mixed. See also Masset & Ogilvie (2004).
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Type II migration and gap formation

Benitez-Llambay (2015) 39



Type II migration and gap formation

• In viscous disks, the disk drifts at

a speed vr ∝ ν/r (τν = r 2/ν)

(because of internal viscous

torques).

• The torque exerted by a massive

planet repels material from its

orbit.

• The balance between the viscous

torque and the planet torque sets

the formation of a gap.

• The gap has an impact on the

Lindblad and coorbital torques, so

the migration regime changes

drastically.

Numerical simulation: FARGO3D

The “naive” migration speed is the viscous

speed. However, significant departures are

observed (see Duffell et al. 14, Dürmann &

Kley 15, 17).

(see also Goldreich & Tremaine 80, Lin & Papaloizou 86, 93, Ward 97).
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Type III migration

Also called runaway regime (initially)

• When the migration time is faster

than the libration time, an

asymmetry develops in the

horseshoe region. (See Masset &

Papaloizou 03, Artymowicz 04,

Peplinski et al. 08).

• Both inward and outward

migration is prone to enter in this

migration regime.

dr

dt
=

2

(mp − δm) rpΩK
Γ

Kley & Nelson (2012)

See also Ogilvie & Lubow (2006) (deformation of the horseshoe region by a

radial flow relative to the planet)
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Migration and the Solar System



Solar system and migration

• Migration speed scales linearly with the mass of the planet.

• The typical timescale for an Earth-like planet at 5 AU to migrate

toward the star is ∼ 106 yr (see Tanaka et al. 02).

• Are the terrestrial planets form slowly? Are they formed late, i.e.

after the disk depletion took place? Is there another source of

torque that we do not know? is our disk model “realistic”?

• In any case, what happens with the giant planets? They need to

grow fast in order to accrete gas, and migration cannot be avoided.

Very interesting points to discuss...
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Masset & Snellgrove mechanism

Let’s go back to the outward migration of Jupiter and Saturn.

Masset & Snellgrove (2001) Kley & Nelson (2012)

Masset & Snellgrove (2001) show that Jupiter and Saturn migrating in a

gaseous disk are captured in 3:2 mean motion resonance and migration reverses

its direction.

To understand this mechanism,

we need a combination of the three migration regimes.
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Some recent ideas



Type-I migration in inviscid disks

Li et al. (2009)

Fung & Chiang (2017)

Fung & Chiang (2017)
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Saturation of corotation torque

Even in an inviscid disk, a flow

relative to the horseshoe can sustain

a coorbital torque.

remember type III regime...

Paardekooper (2014)

McNally et al. (2018) 45



But... are the disks actually inviscid?

MRI instability can operate depending on the ionization level, but other

instabilities can generate turbulence.

Stoll et al. (2017) show that the vertical shear instability produces

α = 5× 10−4.

Stoll et al. (2017)
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Classical type II migration does not exist

Dürman & Kley (15, 17) (see also Duffell 14)
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Heating torque

Beńıtez-Llambay et al. (2015)

See also Lega et al. (2014), Masset (2017), Masset & Velasco Romero (2017).

48



Dust torques

Dust torques can modify the migration history of low-mass planets:
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Dust torques

Chen & Lin (2018) find that in dust-rich environments, a bubble develops

in the horseshoe region, inducing unsteadiness of the flow.

Impact on the eccentricity/inclination of forming planets.

Chen & Lin (2018)
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Summary



Final remarks

• Migration has to be addressed in a realistic way, using detailed disk

models.

• The sign, speed and migration regimes are still uncertain. What

mechanisms set the migration history of planets? Are these

mechanisms universal? Are we missing the disk structure?

• While the problem is sensitive to the dominant physics in the disk,

many results are on solid grounds.

• The development of realistic global models is still beyond the current

computational resources.

• Migration should not be ignored when studying the formation of the

Solar System.
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Further reading:

• Armitage (2007)

• Masset (2007)

• Armitage (2009)

• Kley & Nelson (2012)

• Baruteau & Masset (2012)

• Baruteau et al. (2014)

• Morbidelli & Raymond (2016)

And references therein...

... And, do not forget to have a look at the mechanism called

planetesimal-driven migration (e.g. Fernandez and Ip, (84), Levison et al. (07),

Levison et al. (10), among others.)
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